Small coupling limit and multiple solutions to the Dirichlet 
Problem for Yang Mills connections in 4 dimensions - Part I 

Takeshi Isobe * and Antonella Marini ^ 

►|^,^^. Abstract 

2 ■ In this paper (Part I) and its sequels (Part II and Part III), we analyze the structure 

of the space of solutions to the e-Dirichlet problem for the Yang-Mills equations on the 
4-diniensional disk, for small values of the coupling constant e. These are in one-to-one cor- 
respondence with solutions to the Dirichlet problem for the Yang Mills equations, for small 
boundary data cAq. We prove the existence of multiple solutions, and, in particular, non min- 
imal ones, and establish a Morse Theory for this non-compact variational problem. In part 
I, we describe the problem, state the main theorems and do the first part of the proof. This 
consists in transforming the problem into a finite dimensional problem, by seeking solutions 



o 



00 
(N 

< 



r^ , that are approximated by the connected sum of a minimal solution with an instanton, plus a 
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correction term due to the boundary. An auxiliary equation is introduced that allows us to 
solve the problem orthogonally to the tangent space to the space of approximate solutions. 
In Part II, the finite dimensional problem is solved via the Ljusternik-Schirelman theory, and 
the existence proofs are completed. In Part III, we prove that the space of gauge equivalence 
classes of Sobolev connections with prescribed boundary value is a smooth manifold, as well 
as some technical lemmas essential to the proofs of Part I. The methods employed still work 
when B'^ is replaced by a general compact manifold with boundary, and SU{2) is replaced 
Xf-\ , by any compact Lie group. 

Q '. 1 Introduction and statement of the main results 

O 

A solution to the Yang Mills equations is a critical point for the Yang Mills functional defined 

on the space of connections. These equations are particularly interesting in 4 dimensions, since 

in this case, the Yang Mills equations are not only invariant under the infinite dimensional 

5r , automorphism group of the bundle, namely, the gauge group, but are also invariant under the 

group of conformal transformations over the base manifold. Since the latter is non-compact, the 

associated variational problem is non-compact (i.e., it never satisfies the Palais-Smale condition) 

even when quotiented out by the automorphism group of the bundle. Finding critical points 

and establishing a Morse theory for such non-compact variational problems is one of the most 

challenging problems in nonlinear functional analysis. See [2], [3], [21] and references therein for 

an interesting list of non-compact variational problems and their applications. For the existence 

of solutions to the Yang Mills equations on closed manifolds, not necessarily action-minimizing, 

see [3], m. m, m, m, m, m, m, m\- 

We establish a relation between the small coupling limit problem and the problem of existence 
of multiple critical points for the Yang Mills functional with small Dirichlet boundary conditions 
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on a compact 4-dimensional manifold with boundary. We thoroughly analyze the simplest case, 
namely, the SU {2)-Yang Mills problem on the 4-dimensional disk. Our approach is based on a 
perturbation method as developed by the first author in [S], [TU], [TI] for the //-surface equations. 
See also [Tj and references therein for applications of perturbation methods to popular non- 
compact variational problems, and, in particular, to Yamabe-like equations. 

In order to describe the problem, we need to establish first some basic notation. We denote by 
B'^ the open unit disk in R^. For e > 0, we define the Lie algebra (su(2)e, [•, -J^) := (su(2), e[-, •]), 
where [•,•] is the ordinary Lie bracket on su(2). Precisely, su(2)e = su(2) as vector spaces, but 
with Lie bracket [X,Y], := e[X,Y] for X,Y € su(2). The map (/), : su(2)e -^ su(2), defined by 
4>e{X) := eX is a Lie algebra isomorphism (namely i;^e[-'^)^]e = e^i-'^!^] = [(peX , (peY]) , thus 
induces a Lie group isomorphism $e '■ SU{2)^ — )• SU{2). In the context of 5C/(2)e-principal 
bundles, the covariant differentiation associated to a connection A is locally (Ia'' := d+ [A, ■]^ := 
d + e[A, •], where e is understood as the coupling constant that appears in much of the physics 
literature (cf., for example, [TTj, or Ch. 15 of [26j). 

Let now ^o be a smooth connection on an S'C/(2)e-principal bundle over dB'^. Since such 
bundles are trivial, Aq lives on the trivial bundle, that is Aq G C°°{T*dB C^ su(2)e). For 
A G Lf (r*^^ (g)SUe(2)), the SU{2),-Yang Mills functional is given by 

e\2 



VMM)= / iFATdx, (1.1) 

where F^^ = dA + ^[^4, A]e := dA + ^[A,A] is the curvature of the connection A, and the 
SU{2)^-Yang Mills Dirichlet problem in exam, obtained via a variational method, is given by 
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d*/FA' = in 5^ 
L*A ~ Ao at dB^ , 



Here, l : dB^ -^ B is the inclusion, i*A ~ Aq on dB"^ means that l*A is gauge equivalent to 
Aq over dB'^ via a gauge transformation that extends smoothly to the interior, d^^ ;= *d * + * 
[A,*-]^ := *d * +e * [A,*-], where * is the Hodge star operator with respect to the flat metric 
on M^. Notice that, since su(2)e = 5u(2) as sets, ^o may be regarded as an 5u(2)-valued 1-form 
on dB^, i.e. Aq G C°°{T*dB'^ (g)su(2)). This is a canonical identification between su(2)£-valued 
1-forms and su(2)-valued 1-forms. A different identification is given by (j)^- We will use the 
former identification throughout this paper, unless we explicitly write otherwise. 



By the direct method of the calculus of variations, Marini [15] obtained the first solution 
to (De), that is, an absolute Yang Mills action minimizing solution, which we shall call small 
solution and will denote by A^. (Note that the small solution is, in general, not unique, so 
we choose one of these solutions for each e > 0). Moreover, it is known (cf. [12J) that the 
space of connections with boundary value Aq, denoted by A{Aq), has infinitely many connected 
components indexed by Z: A{Aq) = IJfe^-oo'^'c(^o); where Ak{AQ) = {A G ^(^o) : '^2{A) = k], 
with C2{A) = ^ /^4 Tr(FA'AFA')-^ /54 Tr(FA/AFA/) (the relative 2nd Chern number with 
respect to A^, where A^ is a fixed absolute minimizer). In [12], the problem of finding a minimum 



in each component Ak{AQ) is thoroughly solved, yielding many so-called large solutions. In 
particular, it is proved that, for non-flat boundary values Aq, there exists a minimum at least in 
one of the components A±i (Aq). Since all the solutions known to the Dirichlet problem for Yang 
Mills are minima (minimizers for the action restricted to the connected components AkiAo)), it 
is left open for investigation the interesting problem whether there exist non-minimal solutions 
and, in general, whether the solution found in |12) is unique in each component. (Notice that 
the results in \15\ [T2] cited above, proven for the su(2)-Yang Mills functional, that is for the 
standard Dirichlet problem (©i) (e = 1), automatically extend to yM,^{A)). This problem can 
also be related to the quantization of Yang Mills theory. 

Since the uniqueness result for flat boundary values has been established in |8J, we henceforth 
assume that Ao is non-flat, and investigate the existence of non- minimal solutions and, more in 
general, seek non-uniqueness results in A+i{Aq), (or, by the same arguments, in A^i{Aq)), since 
we know that an absolute minimum exists in at least one of these components. By our method, 
we find multiple solutions and non-minimal ones, as stated in Theorems 1-3, in A+i{Aq) for small 
values of the coupling constant e > 0|^. It is important to point out that, by the argumentation 
in §2.2, the isomorphism (j)^ establishes a correspondence between solutions to (l^e) and solutions 
to (23i) (the standard Dirichlet problem) with boundary value gAq. 

In order to state our main theorems, we need to introduce further notation used throughout 
this paper. We denote by EI the algebra of quaternions, i.e., EI is the associative algebra over 
M generated by i,j,k, which satisfy i^ = j^ = k"^ = —1, ij = —ji = k, jk = —kj = i and 
ki = —ik = j. Thus, x G EI is written as x = x'' + x^i + x'^j + x^k, Xj G M (1 < i < 4). The real 
and the imaginary components of x are Rex := x'' and Imx := x^i + x^j + x^/c, respectively. The 
inner product of x, y G EI is (x, y) := Re (xy), where y = y^ — y^i — y'^j — y^k. The Lie algebra, 
ImH, of imaginary quaternions, with Lie bracket [x,y] := xy — yx, is isomorphic to su(2), and 
the Lie group ^^(l) of unit quaternions is isomorphic to SU{2). An isomorphism between ImEI 

2 3 ■ 1 ■ ) ^ su(2). We 

endow su(2) with the inner product (X, y) = — Tr(Xy), which translates in terms of quaternions 

into (X, y) = 2(x, y), where X, y G su(2) correspond to x, y G ImEI via the above isomorphism. 

The pointwise inner product on su(2)-valued forms on B^ is defined via the inner product on 

5u(2) and the standard metric on B'^. In the following, for any ImH- valued g-form w, we denote 

by a;i,a;2,a;3 its real- valued components, i.e., oj = ojii + UJ2J + ^3k, where the (7- forms wi, UJ2, UJ3 

are real- valued. For p G B'^, we define hp as the ImEI- valued 1-form which is the unique solution 

of 

J Ahp = inB^ 

[hp = ImM;!^ at dB\ 
Here, all the components of hp (not only the tangential ones) are prescribed at the boundary. 



One may also investigate these issues in difTerent connected components, i.e. for k 7^ ±1, and in particular, in 
the connected component yio(j4o), where an absolute minimum A^ is already known to exist. The techniques used 
in this paper extend to all the cases (cf. Conjecture 8.1 in [13]). Nevertheless, these non-uniqueness problems via 
the perturbation approach are technically harder for fc 7^ ±1. 



so the one-form hp is harmonic component-wise, with assigned Dirichlet boundary data. This 
one-form, as well as the function F{p) and the matrix M{Ao,p) defined below play a crucial role 
in this paper. We define the function 

F{p):= f \{dhpr\^ dx , p e B\ 

and, for a given boundary value ^O) arid p G i?'^, we define the 3 x 3-matrix 

M{Ao,p) := {m.,j{Ao,p)) , 1 < i,j < 3, 

with 

mij{Ao,p) := / {{dA^ A' , (dhp^i)") dx , 1 < i,j < 3, 

where Aq is a solution to 

d*dA = in ^4 



^"' ' i*Ar.Ao ondB\ 

and, for a given 2-form c<j, we denote by oj^ the anti-self dual component of uj (that is u}~ := 

(w — *uj)/2). 

Remark 1.1 Note that dAQ is uniquely determined by (the gauge equivalence class of) Aq, since 
it satisfies the system of equations d'^A^ = 0, d*dAQ = 0, L.*dAQ = drA^, which has a unique 
solution by relative Hodge theory. Thus the matrix above is a well defined matrix-valued function 
of Aq and p. 

We denote by ^i(Ao,p) > fi2iAo,p) > fj,^{AQ,p) > the eigenvalues of the non- negative sym- 
metric matrix M{Aq,pYM{Aq,p), and state Theorems 1-3 for solutions in yi_|_i(Ao). (Analogous 
results would hold for solutions in A-i{Aq) by the same arguments, or by simply reversing the 
orientation of B'^). 
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Theorem 1 Let us define the function Gf{p) := ^VMp)+Vi^±Vt^) ^ p(zB'^, and assume 
that po G B^ satisfies either of the following hypotheses (1),(2): 

(1) detM(^O)Po) > and pq is an isolated local maximum point ofGjlp); 

(2) detM(^O)J'o) < and pq is an isolated local maximum point of G^{p). 

Then, there exists eg > and a family of connections {A^} indexed by e £ (0, eg] with the 
following properties: A^ is a solution to (De) in A-^-l{AQ); e^jF^/pcix — t- 87r^(5pg as e ^ in 
the sense of measures (i.e. eFAj^ concentrates at pq as e ^ Oj. 

Remark 1.2 Note that the A^ 's above do not satisfy the Yang Mills equations, but the SU{2)^- 
Yang Mills equations (cf. T>^). Nonetheless the thesis of Theorem 1 can be restated by means of 
the isomorphism <I>e as follows: 

«There exists cq > and a family of Yang Mills connections {A{e)}, indexed by e £ (0, cq], with 
the following properties: A{e) is a solution to the Dirichlet problem T>i with boundary value eAf) 



inA^i^eAo); \Fj^f^\\'^ dx — )■ Sir'^dp^ as e ^ in the sense of measures (i.e. the i^A(e) concentrates 
at po as e — ;■ 0).>> 

Note that there holds the relation A{€) = eA^ (cf. also §2.2). The theses of Theorems 2, 3 can 
be restated in similar fashion in terms of the A[e). 

In Lemma 2.1 (1) of |13] we show that F{p) > in i?^. Also, one of the basic properties of F(p), 
namely dist(p, dB^)'^F{p) — )• C for some constant C > as dist(p, dB"^) — )• (cf. Lemma 2.1 (2) 
of |13]). implies that the maximum of G^ is always attained at some point in B^ (provided that 
G^ 7^ 0). Notice that the solution obtained in [12] corresponds to the global maximum of G^ . 
(Here, we point out that a different sign convention is used in [12J: in the main theorem of |12) . 
"self dual" should be replaced by "anti-self dual" and viceversa, and the glued connection in 
that proof is in A-i{Aq) (not in yi+i(^o))) accordingly to our current convention). 

Theorem 2 Let us define the functions Gf{p) := (^/^^^-V^tV^I^)\ ^ 

n-(r)) ■= (~-\/m(p)+\/a'2(p)+\/m3(p))^ . qO(^\ ._ (\/mi(p)+\/m2(p))^ . qO(^\ ._ (a/a'i(p)-a/m2(p))^ 

Assume that pQ G B'^ satisfies one of the following conditions (l)-(a),(b), (2)-(a),(b),(c), (3)- 
(a),(h): 

(1) detM(Ao,po) > and 

(a) Po is a non- degenerate critical point ofGi{p), or 



(b) ^J ^i{Aq.,pq) > v7X2(A)vPo) + vA^sIAjjPo) o.nd po is a non- degenerate critical point of 

Gtip); 

(2) detM(Ao,po) < and 

(a) /^2(^0;Po) > /^3(^0;Po) and Po is a non- degenerate critical point ofG^{p), or 

(b) /ii(^0;Po) > /^2(^0;Po) > fJ-si^o^Po) andpo is a non- degenerate critical point ofG2{p), 
or 



(c) /ii(^o,Po) > /^2(^o,Po), \//^i(^o,Po) < \//"2(^o,Po) + V/i3(^o,Po) and po is a non- 
degenerate critical point ofG^{p); 

(3) detM(Ao,po) = and 

(a) ^2(ooiPo) > and pq is a non- degenerate critical point of G\{p), or 

(b) /ii(^O)Po) > /^2(^0;Po) > and Po is a non- degenerate critical point of G2{p). 

Then, there exists eo > and a family of connections {vie} indexed by e & (0, eo] with the 
following properties: ^e is a solution to (D^) in A+i{Aq); e^|-F^/pdx — >• Sir'^dp^ as e ^ in 
the sense of measures (i.e. e-F^/ concentrates at po as e ^ 0). 

One of the main properties of F{p), namely \/F{p) ~ dist {p,dB^)~^p/\p\, as dist{p,dB^) — t- 
(cf. Lemma 2.1 (3) in [l3]), implies that, if the hypotheses of the theorem above are satisfied. 



the derivatives of the G^ 's, G^'s do not vanish at dB^. For each G^ , G^, there always exists 
at least one critical point in B'^, a maximum indeed. However, these critical points may be 
degenerate. 

The next theorem holds without assuming such non-degeneracy. 

Theorem 3 Assume that there exists po G B^ such that one of the following holds: 

(1) detM(^o,Po) > 0, ;Ui(Ao,po) > /W2(^o,Po) > ^3(^0, Po) and \//Ui(Ao,po) > \//^2(^o,Po) + 
V^/i3(Ao,po); 

(2) detM(^o,Po) < and /ii(^o,Po) > Ai2(^o,Po) > Ai3(^o,Po); 

(3) detM(Ao,po) = and Aii(Ao,po) > /^2(vlo,Po) > 0; 

then, for all sufficiently small e > 0, there exist at least two distinct solutions to {'^e) ^'^■^+1(^0)- 
Furthermore, the following alternative holds: there exists at least one non-minimizing solu- 
tion, or there exist infinitely many minimizing solutions. In the hypotheses (2), if in addition 
y^//i(^0)Po) < V^^slAhPo) + v>^3(A)7po) ) then there exist at least three distinct solutions, of 
which at least two non-minimizing, or there exist infinitely many minimizing solutions to (23^) 
inA+i{AQ). 

Let us point out to the reader's attention some important results obtained in [13j, re- 
garding the hypotheses of Theorems 1-3. Precisely, we construct a family of boundary val- 
ues yielding matrices M{Aq,pq) which realize each of the cases in Theorem 3 for any given 
point pq G B^ (cf. Proposition 8.1 in |13)). We also show that for any boundary value 
^0) there exists an arbitrarily small perturbation Aq of ^0 such that detM(y4o,po) 7^ and 
^i(io,Po) > /"2(^o,Po) > M3(^o,Po) (cf. Proposition 8.2 in [13]). 

In §2 of the present paper, we describe the asymptotic profile of small and large solutions as 
e — )• 0, thus giving a heuristic explanation of our method. In §3.1 we construct the spaces of 
approximate solutions and introduce the technical notation used in the estimates that follow. 
In §3.2 we obtain the asymptotic expansion of the su(2)e-Yang Mills functional evaluated on the 
approximate solutions, and in §3.3 — §3.4 we estimate the Hessian and the remainder. In §3.5 
we introduce and estimate the modified Hessian. In §3.6 we define the auxiliary equation and 
solve it. 

2 Asymptotic profile of small and large solutions as e — )^ 

In this section, we analyze the asymptotic behavior as e — t- of the family {A^ of small solutions 
to the Dirichlet problems (i)^) defined in §1 (i.e. absolute minimizers for the /S'C/(2)e-Yang Mills 
functionals). This is a crucial ingredient in the proofs of Theorems 1-3. We also describe the 
asymptotic profile as e — t- of the family of large solutions {^e} C Aj^i{Aq) (or A-i{Aq)) 
obtained in [12|, in order to give a heuristic argumentation that motivates the procedure we 
employ to construct approximate solutions to (2^e) • 



2.1 Asymptotic profile of small solutions 

Let (l^o) be the Dirichlet problem defined in §1. The following Proposition holds for the family 
of {A^}, small solutions to (D^) . 

Proposition 2.1 There exists a solution Aq to (23o) such that A^ — )■ Aq in C°°{B ), as e ^ 0, 
in a suitable gauge. More precisely, for any k > 1 there exists Cfc > such that \\A^—Aj^\\i, -^4 < 
Ck€, for small e > 0, in a suitable gauge. 

Proof. We define l-forms w^ := A^—Aq. These satisfy the following boundary value problems: 



d*duj, + e{^[A^,A^] + *[A^,*dA^] + *f [A,,*[^„ AJ} = on 5^ 
i*uj, = on dB^ . 



One needs the following lemma. 
Lemma 2.1 There exist constants Bq, Bi, C , eo such that 

WAAlUb-^) < C'II-^a/||l2(b4) < Bq, (2.2) 

lliiellL^(B4) < C||Fa/||lp(b4), (2.3) 

W^eWiKB^) < e^i> (2-4) 

for 2 < p < 4, for all e such that < e < eo, where L-'j^ is the Sobolev space of functions with 
L'P -integrable partial derivatives up to order k (in the sense of distributions). 

Proof. We denote by yMe(A) the Yang Mills functional on su(2)e-connections A, i.e., explicitly, 
in local coordinates: 

yM,{A):= [ \Fa'\:= [ dA + l[A,Al''=[ dA + ^[A,A]\ (2.5) 

JB-i JB^ 2 J^i 2 

We first show that ^^e{A^) is uniformly bounded for e sufficiently small. In fact, 

'^Me{A^) = rrie '■= min ^Me{A) , where A := {smooth su(2)-connections : i*A = Aq} . (2.6) 
Thus, 

yM,(AJ < VM,(^o) = WdAaWl^B^^ + eidAo, [A>,A>]) + j\\[Aa,M\h(B^) 

= yMo(^o) + ^{dAo, [Ao,Aq]) + j||[^o,iio]lli2(B4) < 2mo , (2.7) 



for e sufficiently small, where rriQ := ^^^{Aq). 

Now, let us recall that the absolute Yang Mills minimizer for the Dirichlet problem found 
in [15] is in the good gauge, i.e., it satisfies d*A = on B^ and the boundary condition d*AT- = 
at dB , where r represents tangential directions. These conditions yield the estimate 

WMi'^iB^) < HdA^hpiB^), (2.8) 



for e > 0, and 2 < p < 4, with a constant h depending only on dimension (not on e). For e = 0, 
this becomes ||ilollL''(B'i) ^ ^\\^Ag^\\Lp{B-i): i-^-j (2-3). This estimates also holds on local charts 
U of type one and type two (boundary and interior neighborhoods, respectively, cf. [15j). This 
yields 

UeWLliU) < h\\FA;\\mu) + hC'e\\A^\\L4^u)\\Ae\\q{u) ■ (2-9) 

Let us now consider covers C^ of charts U of radius pj, with /Oj — )• as j — )• oo, satisfying the 
following conditions: 

(1) there exists k, independent of j, such that any k + 1 charts have empty intersection (in 
particular each cover Qj is finite); 

(2) Ve > given, there exists j = j(e) such that /iC'e||i4^||L4([/) < i, for every U G Qj. 

— 4 

This can be achieved using the compactness of B and using charts of type one and type two. 



Then, by U^ . 

||^JL2(^) < 2h\\FA;\\LHu) , VC/ G e, . (2.10) 

Thus on S^, 

with h, k independent of e. This, together with (2.7) yields (2.2) with C = 2hk and Bq = 2Cmo. 
For e > and general p G [2,4), (2.8) yields 

for q = j^. Thus, applying (2.2), there exists eo > such that (2.3) holds in the "good gauge", 
for some constant C depending only on dimension, for 2 < p < 4 and for < e < eo- 
In the same gauge, for ^e '■= At— Ao, one also obtains 

W^eWlliB^) < Hd^eWv^iB-i) ■ (2.11) 

Then, system (j2.ip and integration by parts yield 

||dwJ^2fB4) = - / uje/\*d*duje+ i*{oJe/\*duje) = e uj,A*{ — [A^,AJ+*[A^,*Fa^}. 

^ ' JB-i JdB-i Jb^ 2 

(2.12) 
Sobolev embeddings and Holder inequalities give 

11^/ . II 2 ^ ^r^'W 4I|2 IIJT'. s||2 

ll"^dlL2(54) S eo ||ii,|li2(^4)PA^ IIl2(S4) . 

Thus, 

||wJl2(b4) < /i lido;, 1 1^2(^4) < y/(B' , (2.13) 

for some constant B' , if e is sufficiently small. Using estimate ()2.13p into (12.12^ and estimating 
again, one obtains (2.4), for some constant Bi, if e is sufficiently small. 

This completes the proof of the lemma. D 

To prove the proposition, we cover B'^ with coordinate patches Ui := {x G B ; |xp < 6} 
of "type one", in the interior, and U2 := {{x',x^) : x' G dB"^; x^ > 0; \x\'^ < 6} of "type two" 



near the boundary. Here, the functions x^ — )■ (x',x^) describe unit speed geodesies orthogonal 
to dB'^. This way, the metric gij satisfies gi4{x',0) = and 544 = 1 in a neighborhood of the 
boundary. Doubling B'^ via reflection across the boundary, yields a Lipschitz-bounded metric on 
the resulting manifold. We lift this action trivially to the bundle. We show that HweHf^fe/f/^) ^ C'^e 
holds for small e > 0, in a suitable gauge, all the way up to dB^, on neighborhoods of type two. 
(We omit the proof for neighborhoods of type one). 

Locally, on U2, system (|2.ip and the good gauge theorem for boundary neighborhoods (cf. 
[E]) yield 



(2.14) 



' d*duj, + €{^\A^,A^] + *[A^, *dA^] + *f [^,, *[^,,^,]]} = onU2 

d*Poj^ = on f72 

d*^(a;,)^ = on{x^ = 0} 

i*a;, = on {x'^ = 0} 

where r denotes tangential components and *f is the flat Hodge operator. 
This becomes 



Awe := AiT'CJe + £<^e + eR^ujf^ = eG 


iAe,dA,) 


on U2 


d*PuJe = 




on U2 


d*^{io,)r = 




on {x^ = 0} 


i*uj, = 




on {x^ = 0} , 



(2.15) 



where £ = *Fd{* — *F)d contains only first order derivatives of the metric and can be made small 
by dilations, Re{-) = *f{^[-,A^] + [•, *dAJ + f [•, *[^„^J]} is of lower order, and G{A^, dAJ = 
- *F {^\Aq,A^] + [^0' *dA^] + f [iio' *[iie'iie]]} is Uniformly bounded in L^ for smah e by the 
previous lemma. 

Following the procedure in |15] . we reflect U2 across the boundary {x'^ = 0} and work on 
the doubled neighborhood U, after doubling all the operators above via the formula r*A = Ar* . 
More in detail, 

A{uj){x) = A{uj\u+)xu+{x) +r*A{r*{uj\u-))xu-{x), 

(here U^ = {x^ > 0(< 0)}), for all 1-forms co. An easy computation shows that the double Af 
is Af on U. 

Moreover, £ and eRe are smah operators from Ll^{T*U 05u{2)) to L^_^{T*U) ® 5u{2)) and, 
also, from L^{T*U) (» su(2)) to LP {T* U (g) 5u{2)) for p > I, where L|] i(r*C/ 5u(2)) is the 
completion of Cq^{T*U (8)su(2)) with respect to the L^-norm, see also §3.3. 

We take care of the boundary conditions on dU by introducing a smooth appropriate cut-off 
function (j). System (j2.15p then becomes 

AFicpoJe) + ^{(poJe) + eR,{(l)OJ,) = e{4>G{A^, dAJ + \T^Cj,) := ea, on IJ 

ct){u,)r = ondU , ^ ' 

where Cj and G are odd extensions of uj and G (i.e., r*uj = —a), and r*G = — G), and T^Cj^ = 
A[(j)Lbf) — (pA{u}^) contains only first order derivatives of cDe- With this definition, G is uniformly 
bounded in L^, thus in L^^ with p < 4, and so is ^Tfpoje (by the estimate (2.4)). So a^ is 
uniformly bounded in L^^ with p < 4 for < e < eo- 



It is well known that the system 

Ao; = 7 on ||x|| < 5 
a; = on \\x\\ = 5 , 

with 7 G L^i and uj £ Lf, admits a unique solution in L^. Let S be the solution operator 
(bounded). Applying S to (I2.16P one obtains 

/(0w,) + §[8(0w,) + eR,{^u,)] = e§(a,). 

Thus, since £ + eR^ : Lq -j^ — )• L^^ is small, we can invert / + S(£ + eR^) and obtain 

(pLJe = e[I + S(£ + eR^)]-^§ae. 

Thus 

Uu^eh^^iu) < e||[/ + S(£ + ei?er'S||||a.|li.^(^) < C'e, 

yielding e~^uje uniformly bounded in L^(f/2), on a smaller neighborhood U2, all the way up to 
the boundary {x^ = 0}. Iterating the procedure above, recalling that A^ = Ao^^^ ^^^ estimate 
(2.4), one obtains a system similar to ()2.16p . but simpler (this time there is no need for the 
operator R^), with the right hand side uniformly bounded in L^ for any p < 4, yielding finally 

llwjeo < CW^ehliUi) ^ C!C'e := Cqc , 

for some (7 > 4, on a smaller neighborhood U2, all the way up to and including the boundary 
{x^ = 0}. To show the analogous result for Vcj^, we take first tangential derivatives in (j2.15p and 
proceed with the doubling procedure above (using that djUjf, = at {x^ = 0}, for j = 1, 2, 3, thus 
the one forms djco are continuous). For normal components 8400^, one uses the relations between 
tangential and normal derivatives given by the good gauge and the field equations. Iterating 
this procedure, after some calculation, one obtains \\A^ — AoWckt'B^) '■— W^eW^k/'^) ^ C^e for 
small e > 0, in a suitable gauge. D 

2.2 Asymptotic profile of large solutions 

Here we give a heuristic argumentation to motivate our approach to the existence of new so- 
lutions to (2)e). We start by observing that the Lie algebra isomorphism </>e (and the Lie 
group isomorphism $e) transform the 5'C/(2)e-Yang Mills Dirichlet problem [1)^) for A, into the 
SU{2)-Yang Mills Dirichlet problem for (pe{A) := eA 

(Vie)) I ^^^^ = ° ^^ ^' (2 17) 

where d\ = *d* + * [A, *■], and Fa = dA + l[A, A]. 

Let us set A(e) := (ptiAe) ^^^ ^(^) '■— (pei^t), where Ae is the absolute minimizing solution 
to (2)e), and A^: is the absolute minimizer restricted to the class yi+i(^o) (or yi_i(^o))- Then, 
A(e) is an absolute minimizing solution to (D(e)), and A{e) is a large solution to (D(e)), 
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i.e, it minimizes the Yang Mills functional in yi-|_i(eAo) (or A-i{€Aq)). Passing to the limit 
e — 7- formally in (D(e)), one obtains the Dirichlet problem for Yang Mills connections with 
the trivial boundary value. It is known (cf. [S]) that this only admits flat solutions, therefore 
A{e) cannot converge strongly since ^(e) G A±i{eAQ) for e > 0. Indeed, following the proof 
in [12], one may argue that f^4 \F-^,-,\'^dx — )• Svr^ as e — )• 0, and \F-j^^\'^dx — )• Sn'^dpdx as a 
Radon measure for some p £ B . It follows that, in a suitable gauge, one has asymptotically 
A{e) ~ -A(e)#(ibl-instanton on S'^), where # denotes the connected sum. In terms of Af,, one 
has asymptotically A^ ~ A^#-(ibl-instanton on S^). 

Remark 2.1 The argumentation above would require a little extra work to be made rigorous. 
In fact, the spaces A±i{Aq) do depend on A^, thus on e. However, in this paper we construct 
solutions to (De) for 'fixed' small positive e and we are not concerned with this issue, nor with 
the issue of constructing paths of solutions parameterized by e. 

3 Reduction to a finite dimensional problem 

In this section we construct approximate solutions to (De) (for small e) via a gluing technique, 
and study the asymptotic expansion of the 5[/(2)e-Yang Mills functional, its gradient and its 
Hessian. The approximate solutions depend on a finite-dimensional parameter (cf. §3.1). The 
space tangent to the space of approximate solutions is a good approximation for the kernel 
of the Hessian, thus it constitutes the obstruction to the direct application of the implicit 
function theorem. We follow the standard procedure for this type of problems, consisting of 
first solving the Yang Mills equation orthogonally to the kernel of the Hessian by means of the 
auxiliary equation introduced (and solved) in §3.6. Thus, the problem is transformed into a 
finite dimensional problem (cf . in particular Lemma 13.91 and Proposition 13. 2p . 
We focus on solutions that create a 1-bubble in the limit as e — )• 0. 

3.1 The space of approximate solutions and introduction of the notation 

Motivated by the discussion in §2.2, we seek approximate solutions to (2)^) in yi_|-i(^o) of the 
form: A^ = ^^#i(l-bubble) + a, where a G C'^{T*B'^ ® Ad{P{p,g,X))) is small and satisfies 
a = on dB'^. (The bundle P{p,g, A) will be defined soon). In this section, we introduce all the 
technical notation used to prove Theorems 1-3. 

We start by describing the main part of the solution ^^^^ (1-bubble). 

For X > 0, p £ M^, the 1-instanton solution Ix^p with center at p and scale A to the Yang 
Mills equation on M^ is defined by 

, ^f ^L(^)=Im ,^._|g4%,,) inU,{p)=R^\{p} 
''" I lij^) = Im^feSS^ in U^{p) = {xeR^:\x-p\<l} = B\p) , 

where x = {x^ , x^ , x"^ , x^) G M'* is identified with the quaternion x = x^ + x^i + x'^j + x^k G EI 
and the transition map is gi2,p{x) = jfEfr for x G Ui{p) n U2{p) (notice that the gluing relation 
^x,p = 9i2,pd9i2,p + 9ilplXp9i2,p holds in Ui{p) n U2{p)). 
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For p £ B^, X > 0, we define the 1-form hx^p := {hx,p)jdx^ £ C°°{T*B^ <E) m{2)), the 
components of which solve the Dirichlet problems 



( A{hx,p)j = inB^ 

I ihx,p)j = {lip), at dB^ , ^''■'> 



and set PI^p := /|p - hx^p, the projection of /^^ on the Sobolev space Ll^^{T*B'^ (g)Su(2)) := 
{a G LJ{T*B^ 5u{2)) : a = on dB^}. 

We also define a cut-off function /3(a;) = (3{\x\) € C^(M^), such that /3 = 1 for |x| < 1, 
/3(x) = for |a;| > 2 and < /3(x) < 1, and, for A > 0, p G M^, we define /3a,p(x) := P{X-^{x-p)). 

For do and Aq small fixed numbers satisfying < 2Ao < do < 1, we consider the set of 
parameters 

?{do, Ac) := i?tdo X '5^(2) x (0, Aq) . (3.2) 

For q := {p,g, A) G "^ido, Aq), we define the connections ^(q) as 

obtained by gluing the 1-instanton to A^. These connections live on the bundles -P(q), defined 
by the data 

'Bi/^{p),B^\{p},ggu,p9~'Y (3-4) 

Notice that the relative 2nd Chern number of P(q) with respect to -A^ is 1, thus A{q) £ A+i{Aq). 
We observe that the effective parameter space is 

ndoAo) ■■= ndo, Ao)/{±l} = Bt^^ X SO{3) x (0, Aq), (3.5) 

since P{p,—g,X) = P{p,g,X) and A{p,—g,X) = A{p,g,X), therefore from now on we quotient 
out with respect to this action and redefine q := (p, [g], A), where [g] G 50(3) = SU{2)/{±1}. 
We also observe that the bundles -P(q), for q G !P((io,Ao) are all isomorphic, so we fix qo := 
{po, [go], Ao) G J'^do, Ao) and apply the convention that everything is pulled back to P{po, [go], Aq), 
via the bundle isomorphisms (p{q) : -P(qo) -> P{^)■ 
We define the map Gl : J'^do, Aq) —5- A+i{Aq), q 1— ;• A{q), and the space 

N(do,Ao):=GI(T(do,Ao)), 

as the space of approximate solutions to (D^) in A+i{Aq). 

Let S(q) := Aut P(q) be the space of smooth gauge transformations of -P(q), that is, the 
automorphism group of P(q), and 9fc+i(q) := -^fc+i(Aut -P(q)) the space of L^_^_^-gauge trans- 
formations. For ^0 G C°°{T*dB^ (gisu(2)) and q G 'J'{do,Xo), we define the following spaces of 
connections: 

A{AQ;q) = {A : A is a smooth connection on i-*(q) such that l*A ~ Aq on dB } , 
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where l*A ~ Aq on dB"^ means that l*A is gauge equivalent to Aq over dB'^, via a gauge 
transformation which extends smoothly to B^; 

A'f,{Ao; q) = {A : A is a connection of class L^ on P(q) such that i*A r^ Aq on dB } , 

where this time i*^ ~ yl on dB'^ means that l*A is gauge equivalent to ^o over dB'^, via 
an L^-^_-^, -gauge transformation on P{q)\Q^4, which admits an L^_^_i extension to B"^. We 
henceforth assume that {k + l)p > 4. 
The spaces A{AQ;q) and A^{AQ;q) have connected components labeled by the integers Z (cf. [12]): 

yi(^o;q) = |J^j(^o;q), withyij(^o;q) = {^ g ^(^o;q) ■.c2{A)=j} , 

AliAo; q) = LI K,Mo; q), with Al/Ao; q) = {A G Al/Ao; q) : C2{A) = j} , 
jez 

where C2{A) := ^ /g4 Tr(FA'' A Fa^) - ^ /g4 Tr(F^^'' A -Fa/) is the relative 2nd Chern class 
of A with respect to A^. 

Since the groups S(q), Sf_|_i(q), respectively, act on A{Ao;q), Af,{AQ;q), preserving these con- 
nected components, we consider the quotient spaces 

S(^o;q) :=yi(^o;q)/S(q); S,(^o;q) := ^j(^o;q)/S(q) , 
Sf(^o;q) ■.= Al{Ao;q)/9l^,{q); 'Bl^{Ao;q) = Al/Ao;q)/5l^,{q) , 

and denote by [A] the class of A in 'B{Aq; q), or in 'B^{Ao; q). 

We will also make use of the subgroups S*(q) of 9(q), and S^+i(q) of S^+i(q), consisting of all 
gauge transformations g such that ^((l, 0,0,0)) = 1, and of corresponding subspaces A*{Ao;q) 
of yi(^o;q)) and yi^'^(ylo;q) of yi^(^o;q)) consisting of all connections satisfying l*A ^ Aq on 
dB"^ via a gauge transformation g with 5r((l, 0, 0, 0)) = 1 extendible to S^. The subspaces 
A*AAQ;q) and yi^'^(Ao;q) are defined analogously. The groups S*(q), S^'^i(q), act freely on 
A*{AQ;q), A^.'^ {Aq; q) , respectively, and the corresponding quotients 'B*{AQ;q), "B^,'^ {Aq; q) , are 
proved to be differentiable manifolds provided that {k + l)p > 4 (cf. §1.1 in [T4]). 
The yM,-action (cf. dM])), descends to the quotients 'B{Ao; q), 'B*{Aq; q), 'BI{Aq; q), 'B*'^(Ao; q), 
thus solutions to (D,) are critical points of ^M^ on 'B(ylo;q), 2*(^o;q), 2fe(^o;q), 'Bfc^(Ao;q). 
As remarked previously, the bundles P{q) are all isomorphic to -P(qo) for any fixed qo G 
^{dQjXQ), thus, from now on, we may omit the indication of qo (or q) from our notation and 
simply write P, A{Aq), A*{Aq), AI{Aq), AI'P{Ao), S, S*, 9^, 9l% 'B*{Ao) and S*'P(Ao) for the 
corresponding objects. 

3.2 Asymptotic expansion of yMe(A(q)) 

In this and in the next sections, we show that the connections ^(q) introduced in §3.1 are indeed 
good approximate solutions to the Dirichlet problem (I'e). For this, we need to consider the 
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following parameter space, a subset of y((io, Aq) (cf. (j3.2p . (|3.5p ). For < Di < D2 < 00, we 
define 

Tido,Xo;Di,D2;e) := {q := {p, [g],X) G ^{doAo) ■ Die < A^ < D2e}. (3.6) 

Here and throughout the rest of the paper we assume that < 2Ao < do < 1) < -Di < -D2 < 00, 
e and q G J'(iio) Aq; Di,D2] e) are fixed. 

/O \ / 1\ 

In the following, we choose (^i,'C2;'?3), where Ci=0 —1,^2=0 0,^3 = 

\0 1 / \-l 0/ 

^0 -1 0\ 

1 , as basis for the Lie algebra so (3). Right translation by g yields a basis for 
^0 0/ 
T[g]SO{3), which we denote by (6 b], 6b], 6b])- 

The following proposition holds for the functional 

J,(q) := VMi(eA(q)) = e^^MMi^)) , (3-7) 

where the second equality above comes from the Lie algebra isomorphism su(2)e ~ su(2). 

Proposition 3.1 In the hypotheses above, for q G !P(do, Aq; -Di,I?2; e); the functional Je(q) has 
the following asymptotic expansion: 

J,(q)= STT^ + e^/ \FA;fdx + 2X^[ \{dhp)-\^ dx - 4eX^ [ {(Fa^Y , 9{dhp)- g-^) dx + n{q) . 

JBi JBi JB'^ 

(3.8) 

where ri(q) = O(e^) as e — )■ 0. 
Moreover, for 3"^ defined by 

J,(q):=2A^/ \{dhp)-\^dx-AeX^ [ {{FA.'^r ,g{dhp)-g-') dx, 

JB'i JB'i 

one has 

j;(q)=3-^(q) + r2(q), 

where J'^i^q) and 3"^(q) are i/ie derivatives of J^ and 3"^ wii/i respect to the variable q, and 

r2(q)(^) = Oie'/') {1 < i < 4), r2(q)(eib]) = ^(e^l loge|) (1 < i < 3) , (3.9) 

r2(q)(|^)=0(e'/'|loge|), (3.10) 

for q G "Pido, Aq; Di,D2; e) and sma// e > 0. 

In order to prove the proposition above, we need an estimate for the one-form hx^p defined in 
§3.1. We recall that /iA,p and hp are harmonic componentwise on i?^, h\^p = Im \x-p\i(xi+\x-p\'^) 
at dB'^, and hp = Im f 7!* u at 5-6''. We have the following: 
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Lemma 3.1 Let do,X E (0,1). For any k>l, there exists a constant Ck^do depending only on 
k and do such that 



I^A,p — A /lp||cfe(B4) < Ck^do^ 



for any p G Bi_do ■ 

Proof: For x G dB^, we have 



h = Im ( ^^~P^^ X'^x-pdx . 

'^ * |x — p|^ la; — p|'^(A^ + |x — pp) ' 



Let us define 



, , X x — p dx , 

rx,p{^) = -1 14..2 I I m ' ^ ^ P • 

|x — pp(A^ + |x — p|^j 



It is easy to see that there exists a constant C depending only on k and do such that | V rA,p(x)| < 
CX^ for any p G ^i.^^, x £ B^\ Bi_d^/2, and A G (0, 1). 

Let c/3 be a smooth cut-off function such that ip{x) = in -Bi_rfo/2, f/^la;) = 1 on M"^ \ -Bi_dQ/4 
and |V99(x)| < S^q" . Then there exists another constant C depending only on k and do such 
that 

\VHvix)rxA^))\ < C\^ (3.12) 

for p G Bi-doi ^ £ B"^ and A G (0, 1). Since /iA,p — X^hp is a harmonic function on B'^ with the 
same boundary value as ip{x)rx^p{x) at dB'^, the assertion of the lemma follows from (|3.12p and 
elliptic estimates (c.f. [?]). D 

Proof of Proposition \3.1[ Throughout these estimates, the expression Q{q) < /(e) for a 
quantity Q(q) depending on q G ^((io, Aq; -Di, -D2; e) and a function /(e) means that there exists 
a constant C = C{do; Xo;Di; D2) such that (^(q) < Cf{e) for all q G 'J'{do,Xo]Di,D2]e) and 
small positive e. We write (5(q) — /(e) if the inequality holds both ways. 

We first prove the asymptotic expansion (|3.8p . Due to the definition of A{c\), we decompose 
the domain B^ into four subdomains: B^ \ B2\{p), B2x{p) \ Bx/2{p), ^a/2(p) \ Bx/^ip) and 
Bx/a{p)- 

(1) Estimate of fB^XB^^ip) \FA{qf\^ dx 

On B^ \ B2x{p), A{q) = A^ + \gPllpg-^ and F^^^)' = Fa; + i^i,,p/2 ^,-1^ + [A^^gPll^g-^]. 

WerecaUthat F^/ = d^,+f [^„4J, Fi,p,2^,-i^ = d{\gPliy^)+^^\igPll^g~\ \gPll^g-^] ^ 

iPgPll^s-- ^ith V/2^^g-i := d(5P/|j5-') + ibP/|,p5-^ 5^/1,^5-']. 

Thus, 



■2/ \FA^^;\^dx = e^ f \FA;\^dx+ [ \Fpp\^dx + e^[ \[A^,gPll^g-Y dx 

JB\B2x{p) JB\B2xip) JB\B2x(p) ^'^ J B\B2x(p) 

+ 2e / {Fa:,F p,. g-,)dx + 2e'' f {FA;,[A^,gPllpg~']) dx 

Jb\B2x{p) ^''' Jb\B2x{p) 

+ 2e [ iFpj2,,[A^,gPllpg-^])dx:=Ei + --- + EQ. (3.13) 

Jb\Bo,(v) ^'^ 



'B\B2x(p) 

We now estimate all terms E2-EQ in (|3.13p . 
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• Estimate of E2 : 

On any domain D C B \ {p} one has 



D 



\FpT2 I dx 



/ \Ft2 \ dx + |(ir2 h\p\ dx — 2 (Ft2 ,dj2 hxp)dx 

Jd ^'^ Jd ^'^ Jd ^'P ^'P ' 



D 



+ l{Fj2^,[hx,p,hx,p])dx + - \[hx,p,hx,p]\ dx - {dp^hx,p,[h\,p,hx,p])dx 



D 



D 



recalling that Pli^ = I^p - hx,p, Fj2 = dl^^ + i[/^p, J^^] and dp^ hx,p = dhx^p + [1^,^, hx,p\. 



By LemmaO(||/iA,p||oo < >^^hp\\^, and ||(i/iA,p||oo < A^HV/ipHoo), 



A,p 



1 

4./D 



|[/iA,p,/iA,p]rdx< / \hx,p\Ux<\^<e' 



D 



{dj2 hx,p,[hx^p,hxj)dx 



.,^ „,... ,.,., ._, </ \dhx,p\\hx,p\' dx + I \llp\\hx,pfdx<X^<e'. 

Thus, for any D C B \ {p}, one has 

/ \Fpj2 \ dx = \Fj2 \ dx + \dj2 hxp\ dx 
Jd ^'P Jd ^'P Jd ^'^ ' 

-2 / {Fj2 ,dj2 hx,p)dx+ / {Fp ,[hx,p,hx,p\)dx + 0{(i^) 
Jd ^''p ^'P Jd ^'^ 

• Estimates of E3 — E^ : 

By Proposition [UK I liie 1 1 < lUolU, \\Fa}\ < \\Fa,\\oo ), and by LemmaEH 



(3.14) 



B\B2x(p) 
B\B2xip) 



'B\B2x{p) 






\[A,,g{llj,-hx,p)g-'fdx<e' [ 

Je 

Ei = 2e [ {FA;,gFp g-^) dx - 2e [ iFA;,gdp hx,pg-^) dx + 0(e 

Jb\Bo.(v) ^''' Jb\Bo^(v) ^''' 



'B\B2xip) 



E. := 2e' 



B\B2x(p) 



iFA;,[Ae,9{llp-hx,p)9-^])dx 



< 



B\B2x(p) 



\llp\ dx < e'X' < e' . 



r^ r\^ 



• Estimate of Eq : 



Ee. = 2e I {g{Fp - dp hx,p + -[hx,p, hx,p])g \ \A^,g{llp - hx,p)g ^]) dx 

'B\B2x{p) 



2e 



X,p X,p 

-.-I r/l „Dr2 „-ll\ j^ , ^^,3^ 



/ {gFp g-\[A,,gPllpg-'])dx + 0{e^), 

JB\Bo,h) ^■'' 



Since 



/ \Ae\\dp hx,p\\llp\dx< I \{\dhx,p\\llp\ + \llp\^\hx,p\)dx<eX^^e^ 

Jb\b..(p) ^'P Jb\Bo^(p) 



/ \Ae\\dp hxj\hxjdx< {\dhx^p\\hxj + \ll„\\hx^p\'^)dx <eX'^ r^ e^ , 

Jb\b.,x{p) ^-^ Jb\B2x(p) 

f {\A,\ \llp\\hx,p\' + \hx,pf) dx < eX^ ~ e\ 

Jb\Bo^m 
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And, adding up Ei + ■ ■ ■ + Eq, 

e^ / \FAM'\'^dx = e^ / \FA'\'^dx + / \Fj2 {"^ dx 

Jb\B2x{p) Jb\B2x(:p) ' Jb^\B2x(p) "••" 

+ / \di2 hx,p\'^dx-2 {Fj2 ,dj2 hx,p)dx+ / {Fj2 ,[hx,p,hx,p\) dx 

Jb\b,,{p) ''" "^ JB\B,,ip) '•" ''" "^ Jb\b,,{p) '-^ 

+ 2e [ iFA;,gFj2 g-^)dx-2e [ iFA;,gdj2 hx,pg-^)dx 

Jb\B2x{p) ^'^ Jb\B2x{p) ^'^ 

+ 2e f {gFp g-\\A,,gPll^g-'])) dx + 0{e^). (3.15) 



'B\B2x(p) 

Quite analogously, we obtain the following estimate: 

AB2X{P) ' '" '" Jb\B2x{p) ' ^ " ' Jb\B2x(p) 



I MFA^,)'^FA^,)') = e' f ^MFA;AFA;)+f Jr{Fj2 AF,2) + 

JB\B2x{p) JB\B2x{p) JB\B2x(p) ''^ ''^ 

+ Tr(fij2 hx,pAdj2 hx,p) - 2 j Tr(Ff2 A dp hx,p) + Tr(Ff2 A [/iA,p, /iA,p] 

Jb\B2x{p) '•" ''" Jb\B2x(p) '•" ''" Jb\B2x 

+ 2e [ Tr(FA/ A gFj2 g-^) - 2e [ Tr(F^/ A gdj2 hx,pg-^) 

Jb\B2x{p) ^•'' Jb\B2x{p) 

+ 2e [ Jr{gFj2 g-^ A [A^gPll^g-^]) + 0{e'). (3.16) 

Jb\Bo,(p) ^''' 



lB\B2x{p) 

Summing (I3.16P to (I3.15p . and using *Fj2 = Fj2 , finally yields 



e' / |F^(q)r dx + e' Tr(F^(q)^ A F^(q)^) = e' / |Fa/|^ dx 

Jb\B2x{p) JB\B2x{p) Jb\B2x{p) 



+ e' / Tr(FA/AFA/)+2 /" \dp h-f dx - Ae f {{Fa;)- ,gdj2hx,pg-^) dx + 0{e^). 

Jb\B2x{p) Jb\B2x{p) ''^ '^ ^B\B2a(p) 

(3.17) 



(2) Estimate of e^ /b^,(p)\b^/^(p) |i^A(q)f dx . 



On i32A(p) \ Bx/2{p), A{q) = (1 - /3a,p)^, + ^.gPlLg-' and 



e' / |F^(q)f dx = e2 / |F(i_^,^^)^;|2dx 



+ / \Fpj2 \^dx + e' [ \[{l-l3x,p)A„gPllpg-'fdx 

J B2x{p)\Bx/2(p) '" JB2x{p)\Bx/2{p) 

+ 2e / {F(^,_^ )A;,Fgpj2 g-,)dx + 2^ I (F(i_^ )^;, [(1 - /3A,p)4„5^/f,p5"']) ^x 



B2x{p)\Bx/2(p) JB2x{p)\Bx/2(p) 

\Fpp pdx + e^ / 

B2a(p)\Ba/2{p) ^''' J B2X{P)\BX/2{P) 

B2a(p)\Ba/2(p) ^'^ •^B2a(p)\Ba/2(p) 

+ 2e / (V/? s-1' [(1 - l3Kp)Ae,9Pllpg'^]) dx:=Ei + --- + Ee 

J B2X(P)\BX/2(P) 

(3.18) 

• Estimates of Ei -Eq : 

Since F(i_/3,,^)a/ = (1 - /3A,p)i^A/ - d^x^p A A, - 1/3^,^(1 - /3A,p)[^„iiJ , we find 

El ■.= e' f \Fii-^x,,)A;\' dx < eK 

J B2x{p)\Bx/2ip) 
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The estimate of £'2 is already done (cf. (j3.14p with D = B2\{p) \ Bx/2{p))- 
By Lemma |3. II and Proposition 12. H 



\E3\ < e'll^Jloo / {\ll/ + \hx,p\^) dx < 6A2 < e3; 

J B2X{P)\BX/2{P) 

E4 = e[ {F^i-p,,)a;,9FiI 9-')dx + 0{e^); 



\E,\ < e^A-i / \llj dx + e^A-i / \hx,p\ dx < e^X^ < e^; 

J B2x{p)\Bx/2{p) J B2x{p)\Bx/2{p) 

E<i = e [ {gFj2 g-\ [(1 - /3a,p)^„ gPllpQ-^]) dx + 0{e^), 

Jb2x(p)\Bx/2{p) 



since 



/ \Ae\{\di2 hx,p\\llJ\ + \dp hx,p\\hx,p\ + \llr,\\hx,p\'^ + \hx^pf')dx 

JB2x{p)\Bx/2ip) 

< e{X' + X' + X' + Ai°) < 6^ 
Adding up Ei + ■ ■ ■ + Eq, we obtain 

e^ / |F4(q)^p dx = / \Fj2 p dx + / \dj2 h\p\'^dx 

J B2xip)\Bx/2ip) J B2X(P)\BX/2{P) ^'^ J B2x{p)\Bx/2{p) """ 

-2/ {Fj2 ,dj2 hx.p)dx + 2e I {F(^i_p ^A^^gEp g~^) dx 

J B2x{p)\Bx,2(p) '■" '■'' J B2x(p)\Bx/2{p) 

+ 2e( {gFp g-\[{l-Px,p)A,,gPll^g-^])dx + 0{€'). (3.19) 

J B2x{p)\Bx/2{p) ^'^ 

With the same calculation, one obtains the analogous formula for trace. Adding up the two and 
using self duality (as done earlier to obtain (|3.17p l. finally yields 



e^ 



/ |F4(q)f dxV / Tr(F4(q)^AF^(q)^) = 2 / \di2hlfdx+0{€' 

Jb2x(p)\Bx/2(p) JB\B2xip) J B2x(p)\Bx/2ij>) '" ' 

(3.20) 

(3) Estimate of /s,/2(p)\Bv4(p) '^^(q)''' ^^ " 

On Bx/2{p) \ Bx/iip), A{q) = \gPll^g-^ + \Px/A,p9hx,pg-^ and 

e^ / \FA{co'\^dx= / \Fpp \^dx 

JBx/2{p)\Bx/a{p) JBx/2(p)\Bx/i(p) ^'^ 

|2j„i / w a . u^ a . J,.1|2. 



+ / \dpii {(ix/i,phx,p)\ dx + - \[(3x/4,phx,p, t3x/4,phx,p]\ dx 

JBx/2{p)\Bx/i{p) ■" * JBx/2{p)\Bx/i{p) 

+ 2/ {Fpj2 ,dpj2 I3x/4,phx,p)dx+ {Fpj2 ,[Px/A,phx,p, /3x/A,phx,p]) dx 

Jbx/2{p)\Bx/a{p) ''^ '■" JB,^2ip)\Bx/4ip) ^-^ ' ' 

+ I {dpj2 il3x/4,phx,p), [f3x/4,phx,p, f3x/4,phx,p]) dx := Fi -\ h Fq. 

JBx/2(p)\Bx/a(p) ■" 

(3.21) 
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• Estimates of Fi -Fq : 

The term Fi has aheady been estimated in (j3.14p 
Moreover, 

\F2\ < 



Bx/2(P)\BX/4(P) 



{\dhx,p\^ + \ll/ + \dhx,p\^\h^,X) dx < A^ + A^ + A« < e^; 



'Bx/2ip)\Bx/4(p) 



Bx/2ip)\Bx/4{p) 



{Fp , dpj2 {/3x/4.,phx,p)) dx + 0(e^ 



\,p X,p 



since 



/. 



< 



Bx/2{p)\Bx/4ip) 



Bx/2iP)\Bx/4{p) 



{-2dj2 hx,p + -[hx,p, hx,p],dpj2 {J3x/4,phx,p)) dx 



X,p 



Idhxj"^ + |(i/iA,pll^A,pl + \hx,p\ + \dhx,p\\hxj^ + \ll,pf\hx,p\^ + l-^A,pll^A,p|^) dx < e^; 



smce 



^5= I {Fn ,[f3x/4,phx,p,l3x/4,phx,p])dx + 0{e2), 

'Bx/2{p)\Bx/4ip) ^'^ 



< 



Bx/2{p)\Bx/4ip) 



Bx/2ip)\Bx/4{p) 



dp hx,p + -7[hx,p, hx,p], Wx/4:,phx,p, Px/4,p^\,p 



A,p 



\dii hx,p\ \hx,p? + |/a,pI \hx,p? + I^A.pl'') dx<e^] 



\F,\ 



< 



'Bx/2{P)\BX/4(P) 

Adding up Fi + • • • + Fg yields 



[\dhx,p\\hx,p? + \llp\\hx,p? + \hx,p\') dx < Ai° + A^ + A^^ < ,1 



L 



Bx/2ip)\Bx/4{p) 



\FA{qf\'^dx= I \Fp \'^dx + 



Bx/2(P)\BX/4(P) 



L 



^'^' -'Bx/2{p)\Bx/4ip)' '^'^ 



\dp hxj'^dx 



+ 2 



Fj2 ,-dj2 hx,p + Fp^^^^^hx,, + [llp,^x/4,phx,p])dx + 0{e^). (3.22) 



'Bx/2(P)\BX/4(P) 

The analogous formula for trace added to the above gives 
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e' / |-f^^{q) 

'Bx/2{P)\BX/4(P) 



FA(r,^'\'^ dx + e^ 



Bx/2{p)\Bx/4ip) 



Tr fF^(q)^ A F4(q)' 



Bx/2{p)\Bx/4{p) 



\dj2 h7fdx + 0{e' 



^\,p ^'P 



(3.23) 



dx . 



(4) Estimate of /^^^^^^^ |F4(q) 

On Bx/i{p), we have ^(q) = \gl{pg'^ and 



|F4(q)'pdx 



Thus, combining the above with the hkewise formula for trace, 



' dx. 



(3.24) 



e' / I^A(q)f dx + e^ [ Tr (F^(q)^ A F^(q)^) = 0. (3.25) 

JBx/4{p) JBx/4{p) 

We are now ready to sum the contributions from the four sub-domains, i.e. (|3.17p . ()3.20p . (j3.23p . 
()3.25p . and obtain 



B 



\FA{q)^?dx 



: -6^ / Tr(F^(q)^ A F^(q)^) + 6^ / Tr(F^/ A F^/) + 6^ / |Fa/P dx 

JB JB JB 

+ 2 I \dp h-^fdx-Ae f {{FA;)-,gdj2 hx,pg-^)dx + 0{^) 

JB '^ JB •'' 



B 



.- |2 



Sir' + e' / |FATt^x + +2 / \dj2 h-J^dx-Ae / {{FA^)-,gdj2 hx,pg-')dx + 0{e'') 



B 



^A,p ^:P 



B 



A,p 



= 87r2 + e^ /" \FA'\^dx + 2\'^ I \dr2 h~\^ dx - Ae I' {{FA^\,gdr2 hxpg'^) dx + 0{e^), 

Jb ~" JB ^'P JB ^'P 

(3.26) 
where for the first equality we have used the estimates 

e' f MFa; a Fa;) < e' f |F^/P dx < e'X' < e\ 

J Box J Box 



B2x{p) 



{{Fa;) ,gdi2 hx.pg )dx 



< 



f {\dhx,p\ + \llj\hxJ)dx<eX<'<e\ 

JBox(p) 



f \dj2 h-f dx < X' < e^ 

JBx/4(p) ^'^ 

and for the second equality we have used the topological constraint 

e' / Tr(F^(q)^ A F^(q)^) - e" f Tr(FA/ A F^/) = Svr^, 



(3.27) 



and the estimate 



< e'X^ < e\ 



r^ r^ 



((FA/)--(FA„°)-,r7d/2 hx,pg^^)dx 

'B2X(P) 

Thus, dSSD holds. 

The asymptotic expansion of the derivative of Je(q) is computed similarly and we omit the 
calculation. D 
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3.3 Estimate of ||VyMe(A(q))|| 



A(q);l,2,* 



For connections A on the bundle P := P(q) and one-forms a G C°°(T*B Ad(P)), we define 
the L^-norm ||a||A;fe,p by 

k 

\\a\\A;k,p ■= Y, Wi^A'YaWp + \\a\\p , (3.28) 

i=i 

where Va' = V + e[A, ■], (Va^)^' = Va^ ■ ■ ■ Va' (j-times) and || • ||p is the LP-norm on B^. We 

denote by Lg_^(r*B'' ® Ad(P)) the completion of C^ {T* B^ (g) Ad{P)) with respect to the norm 

above, and define the spaces 

LPk{T*B^ ® Ad(P)) := Ll{T*B^ ® Ad(P)) n Ll^^{T*B^ ® Ad(P)) ; 
Ll^^^{T*B^ ® Ad(P)) = {a G I^l{T*B^ ® Ad(P)) : i*a = 0} . 

Note that these are independent of the choice of the connection A. 

Let now the spaces A*{Aq), 'h*{AQ) and their Sobolev correspondents be defined as in §3.1. 
The results in [H] allow us to identify the tangent bundle rS^'^-^(Ao) — ^ '^*k\i{^o) with a 
sub-bundle of AI^^^{Aq) Xg.,P^ L^^ f^{T*B^ Ad(P)) -^ S*;^^(^o), defined as 

where 

Sl+Mo) = {{A «) G K,+Mo) X Ll^^^{T*B^ ® Ad(P)) : d*/a = 0} 

and 9fc+i acts diagonally on S'^^-^(Ao). 

The correspondence A\ j^i{Aq) x Vj, ^{T* B'^ ® Ad{P)) B {A, a) i— )• ||a||A;p,A: is 9fc+i-invariant, 
therefore it descends to the quotient. 

We are interested in the case k = 1 and p > 2, thus we define the gradient of the functional 
yjVt, on B*;*j_i(ylo) as 

VVMe(A)(a) = 2 / iFA',dA'a) , (3.29) 

for(Aa)Grst;%(Ao) = sl+i(^o). 

Since ([3:29]) is g2'^-invariant, that is, V^M.ig ■ A){g ■ a) = VyM,(^)(a) for g £ g*'^, the 
functional V^Me descends to §^^i{Aq). 
Observe that a connection A is a solution to (I'e) if and only if VyMe(^) = on §^ j^^{Aq). 

We define the dual L^-norm of V^Me as 

||VyM,(A)||A;i,2,* := sup{VyM,(.4)(a) : a G LI,{T*B^ ® Ad(P)), ||a||A;i,2 < 1} , 

or equivalently, by the Sg'^-invariance, as 

||VyMe(>l)||A;i,2,* = sup{VyM,(A)(a) : a G LIi{T*B^ Ad(P)) 

such that d^'^a = and ||a||A;i,2 < 1} • (3.30) 

We are now ready to estimate ||V'yMe(yl(q))||A(q);i,2,*- 
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Lemma 3.2 For q G 'y{dQ,\Q]Di,D2\e), there exists a constant C > depending only on 
do, Ao, Di and D2 such that the following holds for all small e > 0; 

||VyMe(A(q))|U(q).i,2,. <Cei/^ 



Proof: Using (|330D . we estimate VyM,(^(q))(a) for a G L^ ^(r*^^® Ad(P)) with d^(q)'a = 
and ||a||A(q);i,2 ^ Ij with A(q) represented in the same gauge as in (j3.3p . We have 



VVM,(^(q))(a) = / (FA(q)^rfA(q)'a)d^= / (4(q)'^A(q)^«) 



B-i 



I dx 



B^ 



(^A(q)'^A(q)',a)c?a; + 



(^A(q)'^A(q)Sa)'^a; 



+ 



'Bi\B2x{p) J B2x{p)\Bx/2{p) 

/ {d*A{q)^^A{q)',a)dx+ (d;:i(q)'F4(q)%a)dx. (3.31) 

JBx/2{v)\Bx/a{t^ JBx/Aip) 

The last term in ()3.3ip vanishes since ^(q) is Yang Mills on Bxu{p)- We now proceed estimating 
the remaining three terms. 

Estimate on B^ \ B2x{p): On B^ \ B2x{p), we write A{q) = A^ + \gPll^g'^ := Ai + A2 and 

^A(q)'^A(q)^ = d^i'^A/ + d%;FA,' + e*d*[A,,A2] + e* [Ai, *F^/] + e * [A2, *Fa,'] 

+ e^ * [.4i,*[^i,^2]] +e^ * [.42,*[^i,yl2]]. (3.32) 

Since Ai = A^ is Yang Mills, we have d\ ''F^ = 0. Also, since Fa2^ = -g{Ffi — dj2 hx^p + 
\[h\p^hx^p\)g~'^ and /? is Yang Mills, we have 

11 1 

•^Ao'-^Aa" = -9d*j2 dj2 hx^pg"'^ - ^gd*j2 [/iA,p, hx,p]g~^ * 9[hx,p, *Fn ]9'^ 



e A,p A,p 
+ - * g[hx,p, *dj2 hx,j^g'^ - TT * 5[/iA,p, *[hx,p, hx,p]]g~^ ■ 



'A,p^ 



(3.33) 



For the first term in ()3.33p we compute explicitly 



^^A p^^L^^'P " ^*^^^'P + d*[lip^ hxj + *[llp, *dx.p] + *[llp, *[llp, hx,p]] 

= -dd*hx,p + *[llp,*[llp, hx,p]] + d*[llp, hxj + *[llp, *dhx,p], (3.34) 

where we have used the harmonicity of hx^p (i.e., d*dhx,p + dd*hx,p = 0). Since d*^, ^'^a = 0, we 
have d*a = — e * [^(q), *q\ and 



B*\B2x{p) 



{—dd*hx^p, a) dx 



< 



B4 



{d*hx^p, d*a) dx 



+ 



/ {d*hx^p,a) dx 

JdBoy.(v) 



lBi\B2x(p) 



e\Vhxp\\A{q)\\a\dx + X I \a\ dx 

dB2x{p) 



f {e + \llJ)\a\dx + X^ f \afdx) 

JBi\B2x(p) ' \JdB2x(p) J 



1/3 



^B^\B2x'<p) 
v2 II II , \2 



< A^6||a|U(q);i,2 + A^( / \llpt'^dx] 

^ 'B^\B2x{p) / 



2X{P) 

\ 3/4 



\a\ dx 



B*\B2x{p) 



1/4 



+ A^||a||A(q);i,2 < e^l loge|^''^||a|U{g);i, 



2 ; 



(3.35) 
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where we have integrated by parts in the first hne, used Lemma |3. II in the second hne, Holder's 
inequahty in the third line, and Sobolev and trace inequalities in the last line {Lf C L^ in 

dimension 4, \\a\\L3(^gB2x{p)) ^ '^lll"lllLf/2(5i?2A(p)) - ^WMlqiB^^ip)) < '^l|a|U(q);i,2)- 

The remaining terms in (j3.34p are also estimated using Holder and Sobolev inequalities and 
Lemma |3. II as follows: 



B*\S2a(p) 



{*[ll,p,*[llp^hx,p]],a)dx 



<X' 



<.3/2| 



B^\B2x{p) 



1/2 |8/3j„ 



3/4 



\a\ dx 



B^\B2x{p) 



1/4 



a 



IU(q);l,2 ; 



(3.36) 



B*\B2x{p) 

<x' 



{d*[Ixp,hx,p],a)dx 



< 



f X\\Vllj + \llj)\a\dx 

JB'iXBoJp) 



N 3/4 



/ Nllpl'^'dx) +([ \ll//'dx] 

JB-^XB^xip) J \Je" - ' - 

i2 + A^|logAp/4||a 



N 3/4 



'B*\B2xip) " J 

^ A^I|a|U(q);l,2 + X^\ log Ap/^||a|U(q).i^2 ^ €"' - ||a|U(q);l,2 i 



a 



\a\ dx 



B^\B2x{p) 



< f3/2| 



1/4 



(3.37) 



B^\B2x{p) 



{*[I\,p,*dhx,p],a)dx 



<X' I \llp\\a\dx 

Bi\B.2x{p) 



ar dx I 



<A^(/ \llp\'''dx) ([ |ar-_ 

\JBi\B2xip) J \JB^\B2x{p) J 

< A^l log A| ||a|U(q);i,2 ^ e^l log e|^^^||a|U{q);i,2 ■ 



X 1/4 



(3.38) 



The remaining terms in ()3.33p are estimated by Lemma 13.11 as 



{gd*2 [hx,p,hx,p]g ^,a)dx 

B^\B2x{p) ^'^ 



<x' 



\a\dx + X 



B^\B2x{p) 



B^\B2xip) 



Ix^p\\a\ dx 



X 3/4 



<A^II«IU(q);l,2+A^f/ \llp\'^'dx] ( f 

\JBi\B2x(p) / \Je 



\a\ dx 



B^\B2x{p) 



1/4 



^ A'^||a|U(q);i,2 + A^l log A|^/''||a|U(q).i^2 ^ e^l|a|U(q);i,2 ; 



(3.39) 



B''\B2x{p) 



{g* [hx,p,*Fj2 ]g ^,a)dx 



X,p' 



1/4 



< AM \Fj2 \\a\dx 

JB^\B2xip) ^'^ 
<X^( [ \Fj2 l^/^dxV'Y/ M^dx 

\JBi\B2x{p) "•■" J \JB^\B2xip) 

<A=^ll«IU(q);l,2<e'/'l|a|U(q);l,2; (3.40) 



\ 3/4 



/. 



B*\B2x{p) 

<x' 



{g * [/iA,p, *dp hx,p]g , a) dx 



^X,p 



\a\dx + X'^ l-^Ll|a|'=^2; ^ A^||Q|U(q).i2 < e^||a|U(q);i,2; (3.41) 

B^\B2x{p) JBi\B2x(p) 
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'B'^\B2x{p) 
From ([335])-(l332]), we obtain 



{g * [hx,p, *[/iA,p, hx,p]],a) dx 



^ A^I|a|U(q);l,2 < e^l|a|U(q): 



1,2- 



L 



id*A2^ Fa^" , a) dx 



<.i/2 



e ' a 



'B*\B2x{p) 

The remaining terms of (|3.32p are estimated as follows: 



IU(q);l,2- 



(3.42) 



(3.43) 



B^\B2x{p) 



{e* d* [Ai,A2],a)dx 



< 



|V^i||^2||a|(ix + e 



B^\B2x{p) 



L 



|^i||V^2||a|da; 



B^\B2x(p) 



< 



B^\B2x{p) 



\llp\ +X^)\a\dx 



B^\B2x{p) 

\ 3/4 



{\VllJ\+\^)\a\dx 



<A2||a|U(q);l,2+( / Ulj^'^'dx] ||a|U(q):l,2 + ( / \V ll//^ dx] ||a|U(q):l,: 

\Jb^\B2x(p) / \JBi\B2xip) J 



'B^\B2x{p) 
^ -^^l|a|U(q);l,2 + A^l log A|3/'^||a|U(q).^2 + A||a|U(q);l,2 £ e^^'^\MA{qy,l,2 ', 



(3.44) 



B*\B2x{p) 



(e* [Ai,*F4/],Q)dx 



< 



B''\B2x{p) 

<([ \Fn\^^^dx) ||a|U(q).i,2 + A2||a|U(q).i,2 + A2('/ 

\JBi\B2x(p) ^'^ J \Je 

+ A^I|a|U(q);l,2 < A||Q|U(q);l,2 < ^^^^ l|a|U(q);l,2 ; 



\FA2^\\a\dx< / (|Ff2 1 + 1^/2 /iA,p| + |^A,pP)|a|c^a; 

Jb^\B2x{p) '■'' 



N 3/4 
|/| |^/=^dx ||a|U(q): 

B^\B2X(P) / 

(3.45) 



1,2 



B-'\B2a(p) 



(e* [A2,*FA^%a)dx 



< 



\Ao\\a\ dx < 



B*\B2x{p) 



lB*\B2x{p) 
\ 3/4 



l-^A,pl +X^)\a\dx 



^(/ I^A,pl'/^rf^) l|a|U(q);l,2+A2||Q|U(q);l,2 

\Jb^\B2x{p) / 

<A2|logA|3/4||a||^(q).,^2<e|loge|=^/'||«|U(q);i,2; (3-46) 



B'*\B2a(p) 



{e^*[Ai,*[Ai,A2]],a)dx 



< 



< 



B^\B2x{p) 



\Ix,p\ +^'^)\a\dx 



l-'A,pl "-^ 



3/4 



a 



IU(q);l,2 +eA ||a|U(q);l,2 



'B^\B2x{p) 

< eA^I log A|3/4||a|U(q).i,2 < e'l log 6|=^/^||a|U(q);i,2 ; 



(3.47) 



B^\B2x{p) 



{e'^*[A2,*[Ai,A2]],a)dx 



< e^ / |A2p|a|dx 



B''\B2x{p) 



< 



\ 3/4 



BAS2a(p) 



(|/2^pP + A4)|a|dx<(/' |/|,p|'/'dx) ■ ||a|U(q);l,2+A^II«IU(q); 

\JB^\B2xip) '^ J 



A||a|U(q);l,2 < e^^^l|a|U(q): 



1,2- 



1,2 

(3.48) 
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Combining ([3:i3]) - ([3:i8|) . we obtain 



/. 



B^\B2x{p) 



(^A(q)'^A(q)',a^ 



<.l/2 



e ' a 



A(q);l,2- 



(3.49) 



Estimate on B2x{p) \ -Ba/2(p)- On B2x{p) \ Bx/2{p), we write A(q) = (1 - (3x,p)Ae + 
\gPl\ g"^ =: Ai + A2, and make use again of the expansion (|3.32p . 

Since Fai^ = -df3x,pAA + {l- /3x,p)dA^ + ^{l- ^lp)[A^,A^], we easily see that \d\^'FA,'\ < 
A~^, and 



B2x(p)\Bx/2{p) 



{dX'FA,',a)dx 



<A- 



\a\ dx 



B2X(P)\BX/2{P) 



\ 1/4 

<A( / \a\Ux) <e^/2||a|U(q);i, 

'B2a(p)\Ba/2{p) / 



The term d\^'^FA2^ is given by the formula p.33p . thus we may proceed as we did earlier and 
obtain 

/ idX'FA2',a) <e^/'||a|U(q);i,2. 

JB2x{p)\B^/2{p) 

The estimates of all the remaining terms in ()3.32p are quite similar and they yield 



/ {d*Ala)'FA[q)',a)dx 



^ e^^^l|a|U(q);i,2- 



(3.50) 



Estimate on Bx/2ip) \ Bx/i{p): 
On Bx/2{p) \ Bx/i{p), we write A(c\) = \gllpg'^ + \{Px,p - ^)9hx,p9'^ =■ ^2 + ^3, and use the 
expansion 



4(q)'i^A(q)^ = d*A/FA2' + d*A.;FA.; + e*d* [A2,A3] + e * [A2, *Fa,'] + e * [^3, *i^A/] 



+ e^ * [A2,*[A2,As]] + e^ * [A3, *[A2,A3]] , 



(3.51) 



where the first term above vanishes, since d^ ''FA2'' = 0. 

For the second term, we have Fa/ = \dPx,p A ghx,pg~^ + l{Px,p - l)gdhx,pg'^ + Yeil^l,p " 
^)g[hx,p, hx,p]g^^, and we can easily see from Lemma [3T] that {d"^ J^Fa-ZI < e^^. Thus we have 



{d*A/ Fa/ , a) dx 



Bx/2{p)\Bx/i(p) 



'Bx/2{p)\Bx/i(p) 

The remaining terms of (j3.5ip are estimated as follows: 



< e / \a\ dx 

Bx/2{P)\BX/4{P) 



<e-'X'i I \a\^ 



1/4 



dx) <e'/'||a|U(q);i,2- (3.52) 



Bx/2{P)\BX/4(P) 



{e* d* [A2,A3],a)dx 



<£-! / (|VI^,p|A" + |/^,p|A)|a|dx 



Bx/2{P)\BX/4(P) 



N 3/4 



3/4 



VllX^^dx] ||a|U(q);l,2+e ^A( / \ll//^dx) ||a|U(q);l,2 

/ Vii?V2(p)\BA/4(p) / 



'Bx/2{p)\Bx/4ip) 

1 Q "1 Q 1/0 

< e~ A ||a|U(q);i,2 + e~ A ||a|U(q);i,2 ^ e l|a|U(q); 



1,2 ) 



(3.53) 
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Ba/2(p)\Ba/4(p) 



(e* [A2,*FA3^],a)dx 



< e-'X 



< e-U 



Bx/2ip)\Bx,4{p) 



Bx/2ip)\Bx/dp) 



\^\,p\\'^\ dx 

N 3/4 
\ll,p\^'^d^] l|a|U(q);l,2 



< e ^A^||a|U(q).i_2 ^ e^^^ll"IU(q);i,2 ; 



(3.54) 



Bx/2(p)\Bx/dP) 



(e* [A-i,*FA2%0i)dx 



< e-'X 



1\2 



Bx/2{p)\Bx/4ip) 



Fj2 \\a.\dx 



'A,p 



'Bx/2{p)\Bx/a(p) ^'^ / 



N 3/4 

Fj2f/^dx] ||a|U(q).i_2 



(3.55) 



/. 



Bx/2(p)\Bx/i{p) 



(e2*[A2,*[A2,A3]],Q)dx 



1\2 



< e-^A 



< e-^X^ 



Bx/2{p)\Bx/4{p) 



\I\J \a\dx 



Bx/2(P)\BX/4(P) 



N 3/4 
l^lpf^^dxj ||a|U(q);l,2 



< e ^A^||a|U(q).i_2 ^ e^/^||a|U(q);i,2 ; 



(3.56) 



/. 



Bx/2{p)\Bx/i{p) 



{e^*[A3,*[A2,A3]],a)dx 



< 



-^4 / 
Je 



Bx/2(p)\Bx/i(p) 



< e-^A 



1\4 



Bx/2(p)\Bx/4ip) 
< e"^A^||a|U(q).i^2 ^ e^l|a|U(q);i,2 • 



l/x „||q| dx 

N 3/4 
\llp\'^^^dx\ ||a|U(q);l,2 



(3.57) 



Combining ([332]) - ([3371) . we obtain 



/ (c^A(q)'-^A(q)',a)da; 

JBs.,o(v)\Bs.,Av) 



'Bx/2{P)\BX/4{P) 



<r- 1/2|| II 

^ e ' ||a|U(q);l,2- 



(3.58) 



Estimate on Bxu{p): 
On Sa/4(p), ^(q) = \9ll,p9~^ and d;:i(q)'i^A(q)' = 0. We thus have 



/ (4(q)'^A(q)%a)^X = 

JBxi4{:p) 



(3.59) 



From (13311) . (l330D . (I338D . (l339]l . we finahy obtain 



B4 



(^A(q)'^A(q)',a) 



^ 1/2|| II 

^ e l|a|U(q);l,2 



This completes the proof. 



D 
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3.4 Estimate of the remainder i?(q; a) 

Let A G A{Ao]q) and a G Liq{T*B^ (g) Ad(P)). In this section, we estimate the dual norm of 
the remainder i?(q; a), defined via the formula 

i?(q; a) := V^M,{A{q) + a) - VyM,(A(q)) - V2yM,(^(q))a , 

where the Hessian of yM^, denoted by V^yMe(^), is given by 

(V2yMe(y4)a,6) :=2 / (d^'a, d^'b) + 2 /" (FA',e[a,&]) for all a, 6 G L? o(r*S^ ® Ad(P)) , 

(3.60) 
where (•, •) denotes the pairing between Lf g(T*S^ (g) Ad(P)) and its dual. 

Lemma 3.3 For q G 'J'{do, Xq] Di,D2; e), a G LJq{T*B^ Ad{P)), one has 

ll^(q;a)IU(q);i,2,* < C'e(l|a|li(q);i,2 + e||a|lA(q);i,2) 1 
where C > is a constant depending only on do , Aq , -Di , -D2 • 
Proof: For a, 6 G LIq{T*B'^ (g) Ad(P)), one has 

VVMe(A(q) + a)(6)=2 / (PA(q)+a', c^A{q)+a'&) = 2 / (F4(q)' + rfA(q)'a + ^ [a, a] , dA(q)'6 + e[a, 6]) dx 

= VyM,(A(q))(6) + (V2yMe(A(q))a, 6) + (P(q; a), b) , (3.61) 

where 



{R{q;a),b) =2e ((i^(q)^a, [a, 6]) dx + e / ([a, a], ^^(q)^^) dx + e / ([a, a], [a, 6]) dx. 

J_B4 JB-i JB-i 

Therefore, by the Holder's inequality 

\{R{q;a),b)\ < Ce||(iA(q)^a||2||a||4||6||4 + C7e||a||l||dA(q)^6||2 + Ce2||a||l||6||4 (3.62) 

Applying the Weitzenbock formula, A^' := dA^d*/ + d*/dA' = Va'Va' + e{FA', •} (cf. 0, [6]) 
(here, we only need to know that {•,•} is a bilinear form) and the Sobolev inequality ||a||4 < 
C||«IU;i,2, we obtain 

||dA(q)'a|li < \\^Aiq)'a\\l + e{{FA(q)',a},a) < ||V^(q)'a||^ + Ce||F4(q)l2||a||4 < C'l|a|lA(q);i,2 • 

(3.63) 
The assertion of the lemma now follows from (j3.62p , (j3.63p . D 

3.5 Estimate of the modified Hessian 

For q G CP((io, Xo', Di,D2', e) and A G yi+i(^o)) the modified Hessian, "Ka, is defined as a bilinear 
form on Lj q{T*B^ (g Ad(P)) as follows: for a,b £ Lj q{T*B^ (g Ad(P)), 



JiA{a, b) := -(V2yM,(A)a, b) + {d^a, d\%)L2^B^) . (3.64) 



1 

2' 

With this definition, "Ka is continuous. The following positivity result holds for the modified 
Hessian: 
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Lemma 3.4 For q G J'((io) ^^oi -^ii ^2; e); there exists a constant C depending only on do, Aq, Di,D2 
such that for small e > and a G L\q{T*B'^ ® ^d{P)) D r4(q)3sr(do, Aq)"^, there holds 



m 



Here, Lf ^{T* B (^ Ad{P)) r]Tj^(^q-^'}^{dQ, Xq) is the orthogonal complement of Tj^(^q^'}^{dQ, Xq) 
Ll^{T*B^®Ad{P)). 

To prove the lemma above, one needs to introduce further notation and some auxihary lemmas. 
We define the following family of 5'C/(2)e-Yang Mills connections on M^: for q G lP(do! ^^o); 

These connections (absolute minimizers for the Yang Mills functional) live on the bundles -P(q), 
defined by the data 

({Bx/a{p), k^ \ Ml, {ggi2,pg-^]\ • (3.66) 

Note that these bundles are extensions to M^ of the bundles P(q) defined in §3.1 (P(q)|g4 = P(q)) 
and that ^(q) = ^(q) on Bxu[p). Similarly to what has been done in §3.1, we set 

N((io, Ao) := {i(q) : q G ^(do, Aq)} , (3.67) 

and apply the convention that everything is pulled back to the bundle P{c\o) by the bundle 
isomorphisms (p{q) : P{c\o) — > ^(q)- To the bundles and connections just defined over R^, 
correspond bundles and connections on S^ (by pull back under the stereographic projection 
from the north pole), which we denote by P{q)g4, and ^(q)54, respectively. 

To prove Lemma [3^ we describe the tangent space of 'N{do, Aq) at ^(q) by 

/r)A 8A BA \ 

r„„^(d„, A„) := span(-(q), ^^(q), ^(q)),^.^^^^.^, C Ll(T' B* « Ad(P)) . (3.68) 

This is a finite dimensional (at most 8 dimensional) space. Indeed, for small e > 0, it is exactly 
8-dimensional (cf. Lemma 3.2 in [14j). 

Likewise, the tangent space of A^(do) Aq) at A(q) is described by 

T,,„iV(d„, A„) := spa„(|-i(q). ^i(q). |;^(q)),^.,,,,^,^3 C i;^„„(T-M* Ad(F)) . 

(3.69) 
For q := (p, [g\, A) G J'((io) Aq; -Di, -D2; e), we introduce the function space 

L2 (r*M4^Ad(P)) = {aGLL(r*M4^Ad(P)): / |V^( )-ap + ]"' dx < +00}. 

Thus a G L2 (T*]R4 (g) Ad(P)) if and only if its pull-back 7r*a is in Lf (r*5^), where t: : S'^ ^ 
M^ U {00} is the stereographic projection from the north pole. For technical reasons, we define 
the weighted inner product on L?7( > (T*M^ iS" Ad(-P)) by 

("' /5)A(q);l,2;R4 — / ^(^ACq)'"' ^i(q)'/^) + w{x){a, (3) dx, (3.70) 
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1 + \x\ 



L2 



where w{x) = 1 for |x| < 1, and w{x) = 1/(1 + |a;p)^ for |x| > 1. 

In the fohowing proofs, we denote by T^, ^^^{do, Aq)^ the orthogonal complement of T^, ^^^{dQ, Aq) 

in L2 - (T*R^ » Ad(P)) and define 

A^f, ^-^^ := {A € P : TT*A is an L^-connection on P(q)5'4}, (3.71) 

where vr is the stereographic projection. We denote by S^ii the group of gauge transformations 
on P which come from L^ , -^-gauge transformations on the bundle P{q)si, and we define 

K+i ■■= ^Ui/^Ui ■ (3.72) 

In order to prove Lemma 13.41 we need the following lemma: 

Lemma 3.5 For q G J'((io, Aq; Di,D2; e), there exists C > such that for a G T^, ■.'H{dQ, Aq)"*", 
one has 

j^^ |d^(q)^apdx+^^(F^(q)Se[a,a])dx+^^ \d\^^^'a\^dx > c(||V^(q)^a||i.(^4) + 

Proof: We only prove the assertion for the case e = 1. The general case follows by the Lie 
algebra isomorphism cp^ : sUe(2) — )■ su(2). 

Recall that the instanton ^(q) is action minimizing, therefore the Hessian of VM at A{q) is 
non- negative, i.e., 

/ |d^(q)a|2dx+ / (F^(q),[a,a])dx>0, (3.73) 

for all a G L^^ {T*R^ Ad(P)). 
We claim: 

Claim 3.1 For a G T^^^^N{do, Aq)"^ with a # 0, 

/ \dA(a)a\^dx+ {F^,.,[a,a])dx+ \d*r,.a\'^dx>0. 

JR4 ^^' JlR4 ^^' JlR4 y'^' 

Proof of Claim U7J[ We already know that this is non- negative by (|3.73|) . By contradiction, 
assume that there exists a G T^, .N{do, Aq)^, a ^ such that 

l^ \dAi,)a\' dx + IjF^^.y [a, a]) dx + ^^ \d*^^^^a\' dx = 0. (3.74) 

From (j3.73p and (j3.74p . it follows that d*r. ,a = and 



/ \dA(n)^\^dx+ (F4. .,[a,a])dx = 0. 



It follows that a minimizes the quadratic functional a 1— t- J^4 I'^aCqI'^I^ dx + f^4iFA( \, [a, a]) dx 
in L'^7, ,(T*]R^ (8) Ad(P)), thus its first variation computed at a is zero, that is, for all (p G 

^l;A(q)(^*^'®Ad(P)), 



d 
de 



/ \dA(a)ia + ^'P)\'^ dx + / {FA,.,[a + eip,a + eip])dx+ / {d^, Ja + eip)]"^ dx 
2 / ^(c^A(q)«'^A(q)'/')^^+ /^(^i(q) '[«''/'] + ['P,a])dx + 2 l{d\^^^a , d\^^^ip) dx = Q , 
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or, equivalently (since d*- a = 0), 



V2VM(i(q))(a) = 0. (3.75) 



It follows from the elliptic regularity theory that a E C'^{T*W(g)Ad{P))n^ ,, , {T*W(g)Ad{P)). 

i;AWJ 

It is well-known that the set of all solutions of (|3.75|) . which satisfy d*- a = constitute 
the tangent space of the 1-instanton moduli space M_(_i(S'^) over R^ U {c«} = S^. One has 
r^(^)M_,i(5^) C r^(,)S?,+i C §1^^,^^^^^ := {a G Ll^^^^{T*R' Ad{P)) : d*^^^^a = 0}. Since 
Tj, ^N{do,Xo) coincides with the tangent space of M+i(5^) at A{q) (up to infinitesimal gauge 
transformations), this contradicts the fact that a is orthogonal to the tangent space of N{dQ, Aq) 
at ^(q). This completes the proof of Claim [3?T1 D 

Completion of the proof of Lemma \3.5[ By contradiction, assume that there exists a sequence 
{an} C T^^_.'}{{do,X)^ such that 

/ I^A(q)^"l^ ^^ + / w{x)\an\'^ dx = 1 Vn, (3.76) 

and 

/ I^A(q)«nl^'^2;+ / (F|(qj, [a„,a„])iix+ / |(i^^^^a„p dx -^ , as n -^ oo. (3.77) 

By (|3.76p . passing to a subsequence, we may assume that an ^^ a weakly in L^ - (T*]R^ (g) 
Ad(P)) as n — )• oo, for some a E i? t/ ^ (r*]R'^ (8) Ad(P)). The first and the third integrals above 
are clearly lower semi-continuous with respect to the weak convergence in i^. t. > (r*M'*(S'Ad(P)). 
We assert that the second integral a i— )• f^i{FA(q)^ [o, a]) is continuous with respect to the weak 
convergence in L^ t (T*]R^ Ad(P)). To see this, we write a^ = a + bn with 6„ ^ weakly in 
Ll^ (r*M4 Ad(P)). We have 

iF^A(a)^i"'n,an])dx = {Fj^r.,[bn,bn])dx + 2 {Fj^..,[bn,a])dx+ {F^(.,[a,a])dx. 

(3.78) 
By the Sobolev embedding, we have (modulo passing to a subsequence) 6„ — )• in Lj'^^(]R^) for 



any p < 4. Fixing an arbitrary i? > 0, we have 

/ (.FA(a)^i^n,bn])dx= {F^,s,[bn,bn])dx+ (Fj. . , [6„, 6„]) dx. 

Jr4 ^^^ J\x\<R ^^' J\x\>R ^^' 

Both integrals on the right hand side go to as n — )• oo (by Holder's inequality, the second one 

1 /9 

is bounded above by C { f\x\^fi\FA(a)\'^ ^^) W^^W'i i- a( V '^'^i^^ 8°^^ to as i? — ;■ oo). Thus the 
first integral in (j3.78p goes to as n — )• oo. With similar arguments, one shows that the second 
integral in (|3.78p also goes to zero and the assertion is proved. 
Inequality p.73p and ()3.77p then imply 

\dA(,)^\' dx + jjPAi.r [«' «]) + ^^ I4(q)«l' dx = 0, 
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and, finally, since a G T^, ^'N{do, Xq)-^, applying Claim \3A\ one obtains that o = 0. 
We then have, by ([STTl) . 

/ l^yifa)"'^! dx + \d*7. ,a„| dx — )• for n — )• oo, (3.79) 

and by the Weitzenbock formula, 

/ \dA{q)"-n\'^ dx + \d\^^^an\'^ dx = j |V^(q)a„pdx + ({F|(q),a„},a„)dx 

= / |Vif„^anprfx + o(l) (n^oo). (3.80) 

Combining (|3.79p . (|3.80p . we obtain jjg4 |V^^ -,a„p dx — )■ as n — )• oo, and j^i w{x)\an\'^ dx — )■ 
0, by the Sobolev embedding. This contradicts (j3.76p and completes the proof of Lemma [3. 5 i D 

To prove Lemma 13.41 we also need to estimate the difference between the bilinear forms 
:K^(q) and "K^^^y where 'K-^^^^{a,h) := \{V'^^M^{A{q))a,h) + {d\^^^'a,d\^^^%)L2^^4) for a, 6 G 
LP: - (T*M^ ® Ad(P)). This is the content of the following lemma. 

Lemma 3.6 Lei q G !P((io, Aq; -Di,-D2; e)- The bilinear forms "KAi^) and'Kj^,^ on Li q{T* B'^ ® 
Ad{P)) X LIq{T*B^ Ad{P)) satisfy 



I^A(q) -^A(q)IU(q);l,2,* 



< 



(Here, (•,-)2 denotes the L'^ -inner product) . 

Proof: Set b = 6(q) = A{q) - A{q). For q,/3 G L\.q{T*B^ (g) Ad(P)), a simple computation 
yields 

+ i-([6,6],[a,/3])2-e(d*^(^)^a,*[5,/3])2-e(*[6,a],d;^(^)^/3)2 + 262([6,a],[6,/?])2. (3.81) 

Since 6 = 6(q) = (1 - P\,p)A^ + 7(/3a/4,p - '^)gh\,pg^^ satisfies e||6||oo < e, integrating by parts 
the third addend at the right hand side of (I3.8ip . one obtains 

ll(^A(q) -:H^(q))(«,/3)ll < e||«IU(q);l,2ll/3|U(q);l,2 

This completes the proof of Lemma 13.61 D 

For the next steps, we use the orthonormal basis (ai(q), a2(q), . . . ,a8(q)) of r4(q)3sf((io> Aq) 
given by ai(q) = Aq-(q), where the vector fields qj (1 < i < 8) on ^(dojAo) are defined in 
|14j and ^q. (q) denotes the directional derivative of A{c\) in the direction qj(q), and the ba- 
sis (ai(q),a2(q),... ,a8(q)) of r|(q^3sf((io, Aq), defined via aj(q) := ^qi(q). We also need the 
orthonormal basis (ai(q), . . . , a8(q)) of Tj^, -sN^do^ Aq) constructed via the Gram-Schmidt's or- 
thogonalization procedure applied to ai(q), . . . , a8(q) (for details, see |l4j). One needs the fol- 
lowing technical lemmas, proved in [T3J . 

31 



Lemma 3.7 For q E 'P{do, Aq; Di,D2] e), 

||ai(q) - ai(q)|U(q).i,2;ij4 < e^/s (l < i < 4), 
||a,(q) - ai(q)|U(q).i^2;B4 < e (5 < i < 8) . 

Lemma 3.8 For q G ^'(do, Aq ; -Di , -D2 ; e) ? 

||(V2VM,(A(q)) - v2yM,(i(q)))a,(q)|U(q).i,2,* < e'^' (1 < * < 8), 
\\{dAi^)'d\^-)' - rfi(q)^4(qPa,(q)|U(c,);i,2,* < e'/' (1 < ^ < 8) . 

Lemma 13.71 and the results in [14J yield the estimate 

||ai(q) - ai(q)|U(q).i,2 < l|ai(q) - ai(q)|U{q);i,2 + l|ai(q) - ai(q)|U(q);i,2 < e (1 < i < 8) . (3.82) 
In order to prove Lemma 13.41 we need to define the "topological projections" 

Q : Llo{T*B^ Ad(P)) ^ LI^{T* B^ ® Ad(P)) n T4(q)N((io, Aq)^, (3.83) 

Q : Ll^^^^{T*M} ® Ad(P)) ^ L2.^(^)(r*M4 ® Ad(P)) n r^(q)iV(<io, Aq)^. (3.84) 

(Recall that the orthogonal complements T4(q)N((io5 Aq) , T^, s'H{dQ,\Q) are calculated with 
respect to the inner product (•, •)^{q);i,2;B4 and (") O^fq)-! 2-R4' respectively). 

Proof of Lemma\3^- Let a G LIq{T*B^ ® Ad(P)). By extending a trivially to M^ \ B^ by 
0, we may also regard it as an element of LP: - (T*]R^ ® Ad(P)) and we define the components 

a'^:=Pa, with P := Id - Q , a^ := Qa , (3.85) 

a^:=Pa, with P := Id - Q , a^ := Qa . (3.86) 

We now prepare to estimate IK^(q)(a, a). We have 

^A(q)(a,a) = ^A(q)(a^ + a-^,aT + a^) = :Kyi(q)(aT,aT) + 2:K^(q)(aT,a^) + :K^(q)(a^,a-^) . 

(3.87) 

The last term of ()3.87p can be estimated by Lemma 13.61 as follows: 

3^^A(q)(a ,a ) = J{^^q^(a ,a ) + (^A(q) - ^A(q))(" '" ) ^ ^i(q)(" '" )-Ce\\a IU(q);i,2 • 

(3.88) 

To estimate the first term of (|3.88p . we write q-*- = [a Y + (q-*-)^. The first addend expressed 
in terms of the orthonormal basis (ai(q), . . . , a8(q)) of T^, -.Nldo, Aq) is given by 

8 
(«^)^ = Z]("^'^i(^))A(q);l,2;M4ai(q) ' 

These components satisfy 

(a ,ai(q))^(q).-^^2;R4 = ("^^ 'ai(q))A(q);l,2;B4 + ((a , aj(q))^(q).-^^2;R4 ~ (« ^'^M)) A(q);l,2;B'i) 

= (a^, ai(q) - ai(q))A(q).i^2;B4 + ((a^, ai(q))^(q).-^_2;R4 - (a"^, ai(q))A{q);i,2;B4) 

(3.89) 
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Here, we have (recall that suppa C B ): 



(a ,ai(q))A(q);l,2;IR4 ~ (« ; a«(q))A(q);l,2;B4 

= /^(VA(q)'«^> V^(q)^ai(q)) - y ^(V^(q)V, V^(,)%(q)) 



= e/ (V^(q)'a^,[6(q),ai(q)])+e / ([6(q), a^], V^(q)^ai(q)) 

J_B4 7^4 

+ £2/ ([6(q),a^],[6(q),a,(q)])<e||a^|U(q).i,2;B4, (3.90) 

where 6(q) = A{q) — A{q) and we have used e||6||oo ^ e- 
By dMlD, dSSSD, dSjOD, one obtains 

|(a^,ai(q))^(q).-^^2;IR4| < e||a^lU(q);l,2;B4, 1 < i < 8, (3.91) 

and therefore, 

ll("^)^IU(q);l,2;R4 < e||a^ IU(q);l,2;B4 . (3.92) 

We thus obtain 

^A(q)(«^' «^) = %(q)((«^)^. («^)^) + 2?CA(q)((«^)^> («^)^) + ^A(q)((«^)^ («^)^) 
> ^A(q)((«^)^^ («^)^) - G|l(«^)^IU(q);l,2;R4||(a^)^IU(q);l,2;M4 " C\\{a^y \\\,),,,,.,^. 
>C\\{a ) ll^(q).^2;R4 - C'^ll(« ) IU(q);l,2;R4 ll« IU(q);l,2;B4 - Ce^ ||a ||i(q).i_2;B4 , (3.93) 

where we used Lemma [331 to estimate ^A(q)((^''")^' ('^^)''")- 

From (a^)^ = a-*- — {a-^y , estimate ()3.92p and ||fi"'"IU(q)-i 2-R4 ~ lk''~llA{q);i,2;B4 (since 
suppa-*- C B^), one obtains 

C'^h llA(q);l,2;B4 < ||(a ) llA(q);l,2;R4 ^ ^'ll^ II A{q);l,2;B4 . (3.94) 

Finally, combining prHSD . pTUHD . pTMl) . 

^A(q)(a^, a^) > C||a^llA(q);l,2;B4 (3.95) 

for all small e > 0, which is 'almost' the assertion of Lemma 13.41 It is left to prove that 
the constant C can be taken independent of q G y^do, Xq; Di, D2; e). To this purpose, we 
first observe that 'J{^{a,a) and ||V^^a||2:iR4 are conformally invariant. Hence, the inequality 
3f^/ -(((a-*-)^, (a^)-*-) > CIIV^, ^''(a-'-)-'-||2.,g4 holds for some C > independent of q. By the 
Poincare inequality, we have ||a||2 < C||V|a|||2 < C'HV^/ N'^a||2 for a £ L1q{T*B'^ (gi Ad{P)) and 
some C > independent of q . Thus 



I^A(q)'(0"^)"^ll2;R4 > l|V^(q)'a-^||2;R4 - II («"^)^ IU(q);l,2;] 



> 



C||a llA(q);l,2;B4 - Ce\\a |U(q);l,2;B4 



> C'llo llA(q);l,2;_B4 
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for some C > independent of q. The assertion follows. 
Note that ()3.95p yields the estimate 

^A(q)(a)a) > C'lla IU(q);l,2;B4 - C'||a"'"||^^q^.-^_2;B4, (3.96) 

which is used in the next section. D 

3.6 The auxiliary equation 

In this section we solve the equation in r4(q)N((io5 Aq)^ (i.e., essentially orthogonally to the kernel 
of the Hessian of the e-Yang Mills functional, which is the obstruction to the direct application 
of the implicit function theorem) . Thus we introduce the following auxiliary equation, associated 
to the Yang Mills equation VyMe(^(q) + a) = 0: 

g(ivyM,(A(q) +a) + d^(q)+/d::,(q)+/a) =0, (3.97) 

where Q is the topological projection defined in (I3.83p . We shall solve ()3.97p for a G L\q{T*B'^® 

Ad(P))nr4(q)?^(do,Ao)^. 

For 2 < p < 4, we define the following duality paring: 

LIq{T*B^ Ad{P)) X l{^q{T*B^ Ad(P)) -^ M 



{a,b) -^ {a,b) := {VA{q)'a,VA{q)'b)dx+ {a,b)dx, 

for a £ LI^q{T*B^ (^ Ad(P)), b G L{f^{T*B^ Ad(P)), with 1/p + 1/p' = 1. 
For a,b£ C^iT*B'^ (^ Ad(P)), we define 

-VyM,(A(q) + a) + t^A{q)+a'f^A{q)+a'a' ^ 



(^A(q)+a', dA{q)+a'b) dx + / (d^( )+„'«, d\^^^^^%) dx 

= / ^(^A(q)' + c^A(q)'a + -[a, a], rfA(q)'& + e[a, &]) dx + ^(dA(q)'o + e * [a, *a], d^(q)'6 + e * [a, *fe]) dx. 
By the Sobolev embeddings L\{B'^) C l4p/(4-p)(54)^ ^?'(P'^) C l'^p/(3p-4)(54)^ ^^^ obtains 

(-VyM,(^(q) + a) + tiA(q)+a'rfA(q)+a'«' ^) 

< (II^A(q)ioo + C||a|U(q).i,p + C||a||^(q).,^p + C||a||^(q)., J||6|U(q).iy , (3.98) 

for some constant C > independent of a and b. It follows that 

sup{(-VVMe(^(q) + a)+(i^(q)+/d;:i(q)+„'a,6^ ' \\^\\m^),i,p' <i} <oo, 

for a G L%{T*B^®kd{P)), thus iVyMe(A(q) + a) + dA(q)+a'tZ:4(q)+/a G L%{T* B^ ® kd{P)) . 
We obtain the following existence lemma. The proof is essentially an application of the contrac- 
tion mapping principle together with uniform estimates of the Hessian as given in Lemma 3.4. 
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Lemma 3.9 There exist 2 < po < 4 and eg > such that for all 2 < p < po, < e < eo and 
q € y{do,Xo;Di,D2;e), there exists 6 > such that the auxiliary equation (j3.97p has a unique 
solution a = a(q) G L^q(T*B^iS> Ad{P))r\Tj^(^^-^'J^{do, Xq)^ which satisfies ||a(q)|U(q);i,p < ^ o.'^d 

l|a(q)IU(q);l,2;iJ4 < C|| VVM,(A(q)) |U(q).i,2,* (3.99) 

for some C > depending only on do, Xq, Di and D2. 
Proof: For q G J'(do) -^o! ^i) -^2; e), we define the functional 

F : L%{T*B^ ® Ad(P)) n r4(q)N((io, Aq)^ ^ L%{T*B^ ® Ad(P)) n r4(q)N((io, Ao)^ , 
by 

F(n) := O/' 

We show that 

■1 



F(a) := Q(^VVM,(A(q) + a) + dA(q)+a^4(q)+a'« 



i^'(O) = Q(-V^yM,(^(q)) + dA(q)4(q)^ 

L%{T*B^ Ad(P)) n r4(q)^(do, Ao)^ ^ L?^o(^* ^ Ad(P)) n T4(q)X(do, Ao)^ 

is an isomorphism. Moreover, for our purpose, we shall give an estimate of the inverse norm for 
each q G "Pido, Xq; Di, D2; e) which depends only on do, Di, Di and e. To prove the invertibility, 
suppose that F'{0)a = for a G LIq{T*B^ ® Ad(P)) n r^(q)>J'(do, Aq)"^. We then have 

= {F'{0)a,a) = ^{V^^MMi^))a,a) + {d\^^)\ d\^^{ a) > C\\a\\\^y^,^^.^„ 

where the last inequality comes from Lemma 13.41 Therefore, o = and -F'(O) is one to one. 
To show that F'{0) is onto, one needs to solve the equation 

F'{0)a = Q(iv2yM,(^(q))a + d^i^fd^^^^a) = b 

for arbitrary b G L\q{T* (g) Ad(P)) n r4(q)[N'((io, Aq)^- This is equivalent to 

g(iv2yM,(A(q))a + dAi^^)'d\^;a) , 99) = (6, if) := (6, if) Ai^);i,2;B^ (3.100) 

for all V? G l{q{T*B^ Ad(P)). 

By a density argument, it is sufficient to show the existence of a G L\q{T*B^ ® Ad(P)) n 
r4(q)?sr(do, Ao)-^ such that (|3l00]) holds for Lp G L\q{T* (^ M{P)). Since (f3300D is always satis- 
fied for ip G T4(q)>J"(do, Ao), we may also assume that ip G Lf g(r*P''(g)Ad(P))nr4(q)K(do, Aq)"^. 
Solving (jS.lOOp is equivalent to finding a critical point for the functional a 1— )• |(V^VMe(A(q))a, a)-|- 
i(dA(q)'d^(q)'a,a) - (6, a) in L?o(r*S4 (g) Ad(P)) n T4(q)X(do, Aq)^. By Lemma[331 there is a 
unique critical point a G Lf Q(T*i?'*(g) Ad(P))nT4(q)N((io) Aq)"*", which also satisfies the estimate 

l|a|U(q);l,2;S4 < C'II^IU(q);l,2;B4 < C\\b\\A(o,yXp;B'^ ■ (3.101) 
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We show that this solution is actually in L^q(T*B^ Ad(P)). By the Weitzenbock formula, 
(j3.100p can be written as 

Holder's inequality and Sobolev embeddings yield 

(3.102) 
where C > depends only on do,Xo, Di and D2 ■ 

On the other hand, by Holder's inequality and Sobolev embedding, 

\{0',^)2;bA < C'l|a|U(q);l,2;B4||(/7|U(q);iy;B4 (3.103) 

for 2 < p < 4, where C > is an absolute constant. 
From (I3J02D . ^JU3\i . it follows that 



/ (VA{q)'a,V^(q)V) + (a,V')da; 

JS4 



< C(l+||eF4(q)^||p.B4)(||a||A(q).1^2;B4 + ||6||A(q);l,p;B4)||(/?||A(q).iy.B4 , 

(3.104) 

thus (by mm), (V:^(q)^VA(q)^+l)a G Ll,iT*B%AdiP)) with \\iV\^^)'VA(:,)'+^)a\\Ai^y,-i,p;B^ < 

-—1 
C(l + ||e-^yi(q)'^llp;B'')||&IU(q);i,p;B4. Siucc wc havc the estimate ||eF4{q)'^llp:B'i ^ Cep for some 

constant C > depending only on d^, Di and D2, it finally follows that ||«|U(q);i,p;B4 < 

C(l + ep )||^||A(q);i,p;_B4, whcrc C > depends only on do, Xq, Di,D2. This completes the proof 

of the invertibility of F'{0) and the estimate of the norm of F'{0)^^ for q € ^'((io, Aq; Di,D2; e). 

Prom this, the existence of a = a(q) € L\q{T*B^ Ad(P)) n r4(q)?sl"((io, Aq)"^ satisfying 

(j3.97p follows directly from the contraction mapping theorem. In fact, F{a) = can be written 

as 

QF'(0)a = -Q(lvVMe(yl(q))) - Q(^i?(q; a) + i?2(q; a)) , (3.105) 

where i?2(q;a) = t^A(q)+a't^:^(q)+/" " ^A(q)'c?;^(q)'a, and, since QF'(O) : L%{T*B^ » Ad(P)) n 
T4(q)3sr((io, Ao)-^ ^ L? o(r*5^® Ad(P))nr4(q)3sr((io, Aq)-^ admits an inverse, (I3T05]) is equivalent 
to 

a = r(q; a) := -(QF'(0))-iQ(^VyM,(^(q))) - (QF'(0))-1Q (^i?(q; a) + fl2(q; a)) , (3.106) 

where T(q; •) is a contraction from the ball of radius 5 in L^q{T*B^ (g) Ad(P)) n T4(q)3sf((io, Aq)"*" 
into itself, if p > 2 is close to 2 and 6 is sufficiently small. To show this, for b G L\q{T*B'^ (^ 
Ad(P)) we write 

-i?(q;ai) + i?2(q;oi) - -i?(q;a2) -/?2(q;a2),& 



e 

^2 



/ {{dA{qfai,[ai,h])-{dA(^fa2,[a2,b]))dx+- / (([ai,ai], <iA(q)'6) - ([02,02], dA(q)^6))dx + 
/ (([ai,ai],[ai,6]) - ([a2, 02], [02, &]))rfx + e / ((d^^q^'oi, *[ai, *6]) - ((i^(q)'a2, *[a2, *6]))dx + 



e 

'2 _ 

e / ((*[ai,*ai],d;^(q)'6) - (*[a2,*a2],d^(q)'6))(ix + e^ / (([ai, *ai], [ai, *6]) - ([02, *a2], [02, *^]))t?a: . 
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By the Sobolev embeddings L^ C L^P'^^ , L^ C L^^P'^^p ^\ and Holder's inequality, one 
obtains 

1 1 

-i?(q; ai) + i?2(q; ai) - ^-^(q; "2) - i?2(q; 02), & 

< Ce(||ai||i,p + ||a2||i,p + e||ai||i^p + e||a2||?,p)||ai - a2||i,p||&||iy 

for some C > independent of oi, 02 and e. Combining the estimate of the norm of -F'(0)~^ as 
given above, the operator r(q; •) satisfies 

||T(q;ai) - T(q; a2)||i,p < C(l + ep""^)e(||ai||i,p + ||a2||i,p + e||ai||i_p + e||a2||?_p)||ai -a2||i,p 

and 

||T(q; a)||i,p < C(l + ei-^)(||VVM,(A(q))||i,p + e\\a\\l^ + e^llall?,^) , 

where we have the estimate of the form ||VyMe(A(q))||i^p < Ce'^'^P' as e — )• 0, and a{p) — ;■ 1/2 
as p — 7- 2 (c.f. Lemma 3.2 and its proof). It follows that there exists 6 > 0, 2 < po < 4 and 
eo > such that for all < e < eo and 2 < p < po, T{q;-) is a contraction of the ball of radius 6 
in L^ q{T*B'^ Ad(P)) n T^(q)7\f((io, Aq)"*". By the contraction mapping theorem, for < e < eo 
there exists a unique solution of ()3.106p in the ball of radius 6. Note that a(q) depends smoothly 
on q, by the implicit function theorem. 
To prove the estimate p.99p . we observe that the auxiliary equation (|3.97p yields 

ivVM,(^(q) + a),a) + (d^.,) , /a, d%^.,,'a)2.m = , (3.107) 



- V gJVLeV^l^qj -r u;, uy -r l"A(q)+a "> "yl(q)+a 

where 

(^A(q)+a'«' ^A(q)+a'«)2;B4 = (^A(q)'«' ^A(q)'«)2;B4 + 2e(d^(q)'a, *[a, *a])2;ij4 + e2([a, *a], [a, *a])2;ij4 

- ('^A(q) "'^A(q) a')2;B4 " C'e(||a||^(q).^_2;B4 + e||a|U(q);l,2;B4) • 

(3.108) 
Combining (|3.1U7p . (|3.1U8p . Lemma 13.31 and Lemma l3.4t we finally obtain 

C|l"llA(q);l,2;i?4 ^ -(VyM,(^(q)), a) - (^(q; «), a) + Ce(||a||J^(q).1^2;B4 + e|l«ll A(q),l,2;i?4) 

< ||VyM,(^(q))|U(q).i,2,*l|a|U(q);l,2;B4 + C€{\\a\\\^^y^^^^.j^4 + e||a|ll(q);l,2;B4 ), 

thus the required estimate (|3.99p . since ||a|U(q);i,2;_B* ^ C'||a||^(q).ip.54 is small. 

This completes the proof. D 

3.7 Estimates for ||aq,(q)|U(q);i,2;B4, I <i <S 

Let a = a(q) be as in Lemma 13.91 We now estimate the directional derivatives of a(q) in the 
direction q^, denoted by aq^(q). These estimates are needed to prove Proposition 13.21 which 
allows us to regard the problem of finding multiple solutions to (De) as a finite dimensional 
problem, and are also needed in [13] where the latter is solved. 
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Lemma 3.10 The following estimates hold: 

l|aq.(q)IU(q);i,2;B*<e'/' for I < i < 4 , (3.109) 

l|aq,(q)IU(q);i,2;B*<e for 5 < i < 8 . (3.110) 

Proof: To prove this lemma, we write Oq. (q) = aqj(q)"'" + aq.(q)^, where Oq. (q)""" = Paq^{q) and 
aq. (q)^ = Qaq^{q) are defined in the course of the proof of Lemma [33] (cf. (|3.85p ). and estimate 
these components separately. 

Estimate of ||aq (q)^|U(q);i,2;B4-' For this estimate we need the following lemma, proved in [14j . 

Lemma 3.11 Let aj(q) be the element of the orthonormal basis constructed in Lemma 3.2 in 
m^l - The following estimates hold: 

l|aiq,(q)"^IU(q);l,2;B4 <£ (3.111) 

for 1 < i, j < 8, where ajq.(q) denotes the directional derivative of ai{q) in the direction q^. 

Since a(q) G LIq{T*B^ ^ Ad{P)) n TA(q)J^{do, Xq)^, one has {a{q),ai{q))Aiqy,i,2;B^ = for 
1 < i < 8. Differentiating this with respect to q^, one obtains 

{aq,{q),3i{q))A(q);l,2;Bi + (^(q), a^q^. (q))A(q);l,2;B4 

+ e([ai(q), a(q)], VA(q)'ai(q))2;B4 + e{V A{q)' a{q) , [aj(q), ai(q)])2;ij4 = . (3.112) 

By Lemma |3.2| ()3.99p . and Lemma 13.111 the second term of ()3.112p is estimated as 

|(a(q),aiq^,(q))^(q).l_2;ij4| < ||a(q)|U(q);l,2;ij4||aiq^.(q)^|U(q).l,2;B4 ^ ^^^^ , (3.113) 

while the third and fourth terms are estimated as 

e|([ai(q)>a(q)])VA(q)'ai(q))2;B4| < Ce||aj(q)||4.B4||a(q)||4.B4||VA(q)'ai(q)||2;B4 

< C'e||aj(q)IU(q);l,2;B4||a(q)|U(q);l,2;B4||a,(q)|U(q).l_2;ij4 < 6^/^ (3.114) 

and 

e|(VA(q)^a(q), [a,(q),ai(q)])2;B4| < e^/^. (3.115) 

From dXm-dHHSD, it foUows 

|(aq^,(q),a,(q))A(q);i,2;B4| < e3/2 for 1 < i < 8 (3.116) 

which yields finally 

ll%(q)^IU(q);i,2;B4 < e^/^ for 1 < j < 8. (3.117) 

Estimate of ||aqi(q)^||A{q);i,2;B4.' To estimate Hoq^ (q)^||A{q);i,2;B4, recall that a(q) satisfies the 
auxiliary equation (j3.97p . thus there exist Cj(q) S M (1 < i < 8) such that the following holds: 

1 ^ 

-VyM,(^(q) + a(q)) + dA(q)+a(q)'dA(q)+a{q)'a(q) = E Ci(q)ai(q). (3.118) 

From now on, we simply write A = A{q), a = a(q), aj = aj(q) and Cj = Ci(q). 
We now estimate |cj| for 1 < i < 8. 

38 



Lemma 3.12 We have \ci{q)\ < e^/^ forl<i<8. 

Proof of Lemma\M^ By (i3Tl8D . ([5:99]) and Lemmas ES [331 

\c^\ = |(-VVMe(A + a),a,) + (d::i+,^a,d^+,^a,)2;B4 

< C(||VyMe(^)|U;l,2,* + l|V2yMe(^)|U;l,2,*||a|U;l,2;B4 + e||a|li;l,2,ij4 

+ e'll«lli;l,2;B4 + ||a|U;l,2;B4)< e^'\ (3.119) 

This completes the proof of Lemma 13.121 D 

By differentiating (|3.118p in the direction of q^ and taking the pairing with a^^ , one obtains 

(-V2yM,(^ + a)(ai + aqj,a^^) + (dA+/c?:^+a'aq,,<) + e([a» + a^.,d\^,'a],a^^) 

8 

+ e((iA+a'*[a» + aq,,*a],a4) = X] ^^(^iq^' °^i)^;i:2;B4 , (3.120) 

thus, by expanding the left hand side of (j3.120p . 

^A(aq,,a^J + ^(V2VMe(A)a„a^^) + e(d:i^aq,,*[a,*a^J)2;B4 
+ e(*[a, *aqj, d:i'a^j2;B4 + £^([0, *aqj, [a, *aqJ)2;B4 + -((v2VMe(^ + a) - V^^li[,{A))[^i + OqJ, a^^ 

8 

+ e([ai + aq^,(i^+„'a],a4)2;B4 + e(*[ai + aq^, *a],d;:i+„'a^j2;iJ4 = X] ^J^^Jq^' °i)^;i.2;iJ4 • 

(3.121) 
By dSjSD, there holds 

^A(aq,,aqJ = :KA(aq^,aqJ -:KA(aq,,aTJ > C||aqJ|^.^ 2;B4 - C'l|aqJlA;l,2;B4 - IK^ (Oq, , a^ J . 

(3.122) 
Combining the above with (I3.12ip . one obtains 

C||<Jli;i,2;iJ4 < :KA(aq^,aTJ + C||aTJ|i.,^2;B4 + ^|(V2yM.(^)a„aq^^)| 

+ e|(f^A'«q«> *[a> *«4])2;B4| + e|(*[a, *a^^\,d*A^a^,)2■,BA 

+ e2|([a, *aqj, [a, *a4])2;B4 + ]^\{{V^^U,{A + a) - V2yM,(A))(a, + a^^),a^^)\ 

8 

+ e|([ai + aq,,(i^+„'a],a^j2;B4| + e|(*[ai + Oq,, *a], d^+^'a^JajS-*! + ^\cj\\{3j^^,a^^)A-x2-M- 

(3.123) 

We now estimate each term in (|3.123p . 
Applying (|3.117p . we have 

I^A(aq,,OI < l|aqJU;i,2;B4||aTJ|A;i,2;B4 <e3/2||a4||A;i,2;ij4 + e3. (3.124) 
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The third term in (j3.123p is estimated as (we write A = ^(q)) 

< ||(v2yM,(A)-V2yM,(i))a,|U;i,2,*||<IU;i,2;B4 + KV2yM,(i)(a,-a,),a^J| 

^£ ll«qJU;l,2;_B4 + ||ai - ai||^.l_2;_B4||aq. ||^.l_2;B4, (3.125) 



where we have used V^yMe(A)aj = and Lemma l3.8i 

By ()3.99p , ()3.117p and Lemma 13.21 the fourth term is estimated as 

e| {d^aq^ , *[a, *aqJ)2;_B4 I < e||aq^ |U;1,2;_B4 ||a|U;l,2;_B4 \\a^^ |U;1,2;B4 
< ^3/2 11 II lU-L II <^3|i ±11 , ^3/2|i ±||2 /q i o«^ 

The fifth and the sixth terms are estimated similarly: 

e\{*[a,*aq^],dya;^j2;BA < e^ll<JU;i,2;B4 + e^/'||aillA;i,2;Bi (3-127) 

and 

e2|([a,*aqJ,[a,*aqJ)2;B4| < e^/^||a^JU;i,2;iJ4 + e3||o^J|^.^^2;B4 • (3-128) 

To estimate the seventh term, we first observe that 



J((V2yM,(^ + a)-V2VM,(A))a,/3)= / (^A^a, [a,/3]) + e / ([a, a],^^'/?) 
i[a,a],[a,/3])+€ [ {dA'a,[a, /3]) + ^ [ ([a, a], [a,/?]) 



and 



Thus, 



2 

^2 

~ e||Q||A;l,2;B4||/5|U;l,2;B4||a|U;l,2;B4 + £ II"IU;1,2;B4 ||/3|| A;1,2;_B4 II«IU;1,2;B4 
<e'/'ll«IU;l,2;B4||/3|U;l,2;B4 (3.129) 

||V2VM,(^ + a) - V2yM,(A)|U;i,2,* < e'/'. (3.130) 



K(V2We(^ + a)-V2yM,(A))(a, + aq,J,aq^^)|<e3/2(i + ||«^j|^.^^2.^,)||«i-||^.^^2.^, 

<e'/'lKlU;i,2;B4 + e'/'||aq^Jli.i,2;B4. (3.131) 

The eighth and the ninth terms are estimated similarly: 

e|([a, + aq^,d:^+>],a^j2;B4| <e3/2||a4|U.i^2;B4 + e3/2||a4||^.,_2;B4 (3-132) 

and 

e|(*[ai + Oq,,*a],'^A+a'a4)2;B4| <e^/2||a^JU;i,2;B4+e^/^||a4||^.i_2;iJ4- (3.133) 

Finally, by Lemma 3.12 and (j3.11ip . the last term is estimated as 

8 8 

^|cjll(ajq^,a^jA;i,2;S4| = X] l^i 1 1 (^J^ ' «4 )^;1,2;B4 | <e^^^||a^JU;i,2;i34- (3.134) 
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From (IXT23]l - (i3JM]l . we obtain 

II I 1 1 9 ^^ '-\/'?\\ I II '^ 1 1 ~ II II I II '^/9ii I ii9 / \ 

ll°^qJU;l,2;B4 ^ e ' l|aqJU;l,2;_B4 + £ + ||ai - Bj ||^.i^2;B4 ll«qJU;l,2;_B4 + e ' l|aqJU;l,2;B4 • (3.135) 

Thus, for small e > 0, 

A;1,2;B4 ^ ^^^^ + W^i " ai|U;l,2;B4 . (3.136) 



a 



qi 
From ()3.136p and Lemma 13.71 one obtains the estimates 

ll<JU;i,2;B4 < e'/' forl<i<4 (3.137) 

and 

ll<JU;i,2;i?4 < e for5<i<8. (3.138) 

Finally, by combining (|3.117|) , (|3.137|) , (|3.138|) , we complete the proof of Lemma I3.1UI D 

3.8 Natural constraints 

In this section, we prove that the manifold {^(q) + a(q) : q G !P((io, Aq; -Di,-D2; e)} is a nat- 
ural constraint for yM^ if e > is small, more precisely, we prove the following proposition 
which allows us to transform the e-Dirichlet problem for the Yang Mills functional into a finite 
dimensional problem. 

Proposition 3.2 There exists eo > such that for < e < eq, q € CP((io, Aq; -Di, 1^2; e) is a 
critical point for the function 

ae(q):=e2yM,(A(q)+a(q)) 

on J'(do, Ao; -Di, -D2; e) if o-nd only if A{q) + a(q) is a Yang Mills connection, where a(q) is given 
by Lemma \3. 9[ 



Proof: It is obvious that if A{q) + a(q) is Yang Mills, then q is a critical point for 3e- Assume 
on the other hand that q G '^ido, Xq; Di,D2; e) is a critical point for de- Then, 

0=(a;(q),q,)=e2vyMe(^(q) + a(q))(a, + aq^(q)) for 1 < j < 8. (3.139) 

By ([3TT8D , we have iVVM,(A(q) + a(q)) = ELiC*(q)a» on T4(q)+a(q)S^,+i(^o). Thus, by 
(I3T39D and Lemma [3T0l 

8 

8 
= ^Ci{q){^{ai{q),aj{q)+ac,^{q))A(qy,i,2;B^ + (VA(q)'a»(q),e[a(q), aj(q) + aq^,(q)])2;B4 
1=1 

+ (e[a(q),a,(g)],VA(q)'(aj(q) + aq^,(q)))2;B4 + (e[a(q), a»(q)],e[a(q), aj(q)])2;B4 
8 
= Y, Ci(q)'5*j- + o(|c(q)|) = c,(q) + o(|c(q)|) for 1 < j < 8. 



1=1 



(3.140) 
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This implies Cj(q) = for 1 < j < 8, if e > is small, and VyMe(^(q) + a(q)) = in 
7A(q)+a{q)^fc,+i(^o), tlius A{q) + a(q) is Yang Mills. 

This completes the proof. D 
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